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ON THE FLOW OF A COMPRESSIBLE FLUID BY THE HODOGRAPH METHOD 

n— FUNDAMENTAL SET OF PARTIC ULAR FLOW SOLUTIONS OF THE CHAPLYGIN 

DIFFERENTIAL EQUATION 

By I. K Gabbick and Gabl IKaplan 



SUMMAKY 

The differential eguaiion of Chaplygin's jet problem is 
tUUised to give a systemaMc development of particular solvHons 
of the hodograph flow eguatioTis, which extends the treatment of 
Ohaplygin iTito the supersonic range and completes the set 
of particular solutions. 

The particular sohutiom serve to place on a reasonable 
basis the use of velocity correction formulas for the comparison 
of incompressible and compressible flows. It is shown thai the 
geometric-mean type of velocity correction formula introduced 
in part I has significance as an over-aU type of approximation 
in the subsonic range. 

A brief review of general conditions limiting the potential 
flow of an adiabatic compressiile fluid is given amd application 
is made to the partierilar solutions, yielding conditions for the 
existence of siTigvlar lod in the supersonic range. 

The combining of particular solutions in accordame with 
prescribed boundary flow conditions is not treated in the present 
paper. 

INTHODUCTION 

This paper presents a theoretical mvestigation. that may 
be regai-ded as a continuatioD. of studies initiated ia part I 
(reference 1). In part I an attempt was made to unify the 
results of Ohaplygin, von Bldrmdn and Tsien, Temple and 
Yorwood, and Prandtl and Glauert insofar as their results 
were concerned with velocity and pressure correction factors 
for the correspondence of incompressible and compressible 
flows. In addition, two new velocity correction formulas 
were introduced that appeared to have a somewhat wider 
range of appHcabUity than the formulas of the aforementioned 
authors. Most of the results of part I were obtained with 
the use of two particular solutions of the hodograph equa- 
tions. These, two basic solutions correspond to a vortex 
and a source in a compressible fluid. 

It was mentioned in part I that, in order to treat the 
exact boundary problem of uniform flow of a compressible 
fluid past a prescribed body, a general set of particulax solu- 
tions of the hodograph equations had to be obtained. Such 
a study is given in the present paper, which incidentally 
helps to clarify the nature of the velocity correction factors 
of part I — in particular, the one referred to as tie "geometric- 
mean" type of approximation. In addition, many interesting 
types of flows are disclosed from a physical interpretation of 
the particular solutions. A few such solutions have already 



been obtained and discussed by Eingleb (reference 2), 

Several mathematical approaches exist by means of which 
particular integrals of the hodograph equations may be ob- 
tained. Two such approaches, mentioned in part I, may 
be attributed to Ohaplygin (reference 3) and Bers and 
Gelbart (reference 4) and are analogous to an exponential 
and to a power-series approach, respectively. Another 
method of defining particular integrals is tiie integral- 
operator method of Bergman (reference 6). In the present 
paper the differential equation, first used by Ohaplygin in 
his treatment of jets (reference 3), provides liie basis for the 
definition of a complete set of pai-ticular solutions. 

The scope of the present paper is limited chiefly to a 
systematic study of the fundamental solutions and to the 
physical interpretation of some of the particular flows repre- 
sented by them. The combining of particular solutions to 
represent uniform flow past a prescribed body is not treated 
herein. It is beheved, however, that the present study may 
serVe as a basis for further development and clarification of 
this important problem. 



SYMBOLS , 

X, y rectangxilar coordinates in plane of flow 

g magnitude of fluid velocity 

6 angle included by velocity vector and positive 

direction of a;-axis 
p density of fluid 

p pressure in fluid 

a velocity of soxmd in fluid 

M Mach number (gja) 

Poi Poi Oo quantities referred to stagnation point 2=0 
tt> velocity potential 

\f/ stream function 

y ratio of specific heats (approx. 1.4 for air) 

/S=;^3Y (approx. 5/2 for air) 

2/3ao* maximum fluid velocity (corresponding to 

p=p=a=0) 
T dimensionless speed variable 

V~2]8a? 2i8+APy 
T, sonic value of r (t,= ^J,-, ; approx. 1/6 for air ) 



For /3>0 (or 1<7< the range of t is 0^ 1. 
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GENERAL PARTICULAR SOLUTIONS OF THE HODOGRAPH 

EQUATIONS 

HODOGRAPH EQUATIONS 

The linear equations in the hodograph variables 6 and g, 
which relate the velocity potential 0 and the stream func- 
tion for the steady two-dimensional flow of a nonviscous 
compressible fluid, are 



^^-^ 



(1) 



in which, for the adiabatic equation of state between pressure 
and density, 

Xi(2)=^2 



(l-r)" 

and 

P2 

l-(2;3+l)r 

(See equations (21) and (25) of reference 1.) 

In the incompressible case t-»0, equations (1) can be 
expressed in the Cauchy-Riemami form. Particular solutions 
Q=4>-]riip can be expressed in this case as any analytic 
function of the complex variable 



'w=B-{-i log 2 



(2) 



or as any anal3rtic function of the related exponential function 



e-*"=ge-« 



(3) 



Thus, an infinite set of particular integrals of equations (1), 
in the incompressible case, referred to herein as "the powers 
set," is w*. When A: is a positive integer, the particular 
solutions vanish at the origin (5=0, log g=0) and, when k is 
a negative integer, the particular solutions are infinite at the 
origin. In the case of nonintegral values of h, the origin is a 
branch point of the fimctions •u)*. 

Another infinite set of particular integrals of equations 
(1) in the incompressible case, referred to herein as "the 
exponential set," is 

(c-*")*=g*c-«» 

whore, again, k can take on any value — ^iutegral, nonintegral, 
positive, or negative. 

In the compressible case, the particular solutions corre- 
sponding to the powers set w* (that is, the particular solu- 
tions which reduce to ■u;' in the incompressible case t^O) 
depend on whether the coeflSlcient of io* is real or rmaginaiy — 
a consequence of the fact that, in the compressible case, 
^ and ^ do not satisfy the same differential equation. For 



example, for k=l, the two functions corresponding to w 
and iw, which have been developed in part I, are 



and 

where 

and 



W=e-\-iL 

iW=i{0+iL) 

i=log i+J(r) 

£=log a+gir) 



and /(t) and gir) each vanish for t=0. (See equations 
(26) and (27) of reference 1.) 

The development of other functions corresponding to the 
power set to*, for positive integral values of k, follows accord- 
ing to the method of Bers and Gelbart. (See expression 
(22) of reference 1.) Since the present paper is chiefly 
concerned with the functions corresponding to the exponen- 
tial set c"**", the ppwers set is not further discussed. 

CHAPLYGIN DIFFEKENTUI. EQUATION 
THE FUNCTIONS Pk AND Qk 

Corresponding to the exponential sets in the incompres- 
sible case 

and 



(.Qg jcQ—ig^ sin ke 
^-it«_.g* gjjj ij-f-ig* cos kO 



there appear in the compressible case functions designated, 
respectively, 

-P*(2) cos kB—iQtis) sin kO 

and 

Pt(2) sin ke+iQt{q) cos k6 

where the fimctions Ptig) and Qt{g) satisfy second-order 
differential equations. These equations are easily obtained 
by substituting in equations (1) the product-type solutions 



(4) 



(5) 



In view of equations (1) it is observed that 

The fimctions Qt{q) satisfy the second-order differential 
equation 

2* ^+ {l+M)g. --3^<2.=0 (6) 

The functions Pt(g) can be obtained from Qt(g) by means 
of the first of equations (5). Equation (6) may be reduced 
to a standard type by introducing r as the independent 
variable. Put 

QM=g'y^{r) (7) 
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where clearly Yt(x)-^1 as (incompressible case). 

With the use of the symboHc relations 

d . .d 



and the relation 



2pT 



1 — T 



the desired differential equation is 

(8) 

Equation (8), which is of the hypergeometric type, was 
first introduced by Chaplygin in his memoir on gas jets 
(reference 3). 

THE FUNCTIONS Tk AMD T-k 

Chaplygin treated the subsonic flow of a compressible fluid 
through jets with straight-line boundaries. For such prob- 
lems the hodograph variables 6 and 2 are natural variables 
in the sense that the solid and fluid boimdaries are de- 
scribed by 0=Constant and 2= Constant, respectively, and 
only the particular solutions of equation (8) with positive 
characteristic index k are needed. In the present paper a 
complete ordered set of particular solutions of equation (8) 
is obtained, which extends the results of Chaplygin into the 
supersonic range and to negative values of the index k. 
Two types of solutions of equation (8) for nonintegral 
values of k are 



and 
where 

and 



(9) 
(10) 



It is now shown that only one of the solutions need be used. 
For positive values of k, the requirement that r'i(0)=l 
excludes the use of equation (10). For negative values of 
the index, the solution Q-i(g)=2"*^-*(T) obtained with the 
aid of equation (10) is, except for a constant factor, equiv- 
alent to the solution Qt(g)=^Tt(T) obtained with the aid 
of equation (9). Thus 

^-t(2)=2-*^-t(r) 

=2-W(a_t-l-i, k+1; r) 

Hence, only the solutions given by equation (9) are needed 

for the determination of Q»(2) and Q_t(2). 

Then 



and 



=^F(a„h,k+l;r) ' (11) 

=2-*i^(a_t, -k+l;r) 

=gr*F{at-k, ht-k, -k+l; t) (12) 

Observe that both types of hypergeometric fimctions appear- 
ing in equations (9) and (10) are utilized in the expressions 
for and G_t(2). 

The foregoing discussion has been limited to nonintegral 
values of the index, positive or negative. When the index 
is integral and positive, equations (9) and (11) remain valid. 
When the index is integral and negative, however, equation 
(12) does not in general lead to a meaningful solution and 
consequently another independent solution is to be sought. 
The desired solution for Y-it{r) in such cases contains a 
logarithmic term and again is subject to the condition that 
it reduce to imity for t=0 (incompressible case). The 
expression for Q_t(2) is then given by 



«-*(2)=!r*r_t(T) 



Y^{r)=F{a^, &t,i-l-l;r) 
r»(r)=T-»i?'(at-A:, h-k, 1-k; r) 
at+h=k—p 

1 {k+DP 

F(a,b,e',r)=l+-^+ ^2i;fii) V + . . . 

X. . ^ 1 {a,-k){b^-k) , {ai,-k)iat-k+l){b,-k){b^-k+l) , 
r_t(r) =1 ^+ 2!(fc-l)(ifc-2) ^ 

- ja^-k) (at-fe+1) (at-fc+2) (b,-k) (fi^-k+1) {b,-k+2) ^ 

31(ifc-l)(i:-2)(fc-3) • • • 

, , ,^.-, (at-fc)(ot-fe-^-l) . . . (at-2)(6t-fe)(6t-fc-fl) . . . (fc>-2) 
+ (ik-l)l(fc-l)l ^ 

+c [^Fia., b., k+l; r) log r+^i^ (^+^"1-^) 

I a,{a,+ l)b,ib,+l) fl 11 1 _1_1 1 1 \ .4.. I 1 

2l(]c+i)lk+2) W at+1 51+1 1 2 k+l k+2j^ ^ • • -J 



(13) 



where 



and 



c=(-l) 



(at-l)(fflt-2) . . . (at-fc)(6t-l)(6*-2) . . . jb^-k) 
= k\ik-l)\ 
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Note that, if <!» or 6* takes on any of the values 1, 2, . . .k, 
the constant c equals zero and tie fimction Y^^ij) becomes 
a polynomial. It should be pointed out, however, that equa- 
tion (13) is to be utilized only if equation (12) does not yield 
a relevant and finite result. This statement is illustrated in 
some of the following special examples. 

Caseof7=— 1: 

Consider as an example the von K£rm&n-Tsien treatment 
of compressible flow (reference 6) in which the adiabatic 

index 7= — 1 or 18= —~ Then 



2 



For a negative integral index, equation (13) may appear to 
be applicable, in which case the expression for Y-t{r) would 
be a polynomial of degree h — 1. An examination of equa- 
tion (12) shows, however, that for this case no infinities 
arise and that, when the index is negative, integral, or 
nonintegral, 

F_t(r)=J'(i=^,-|,l-i;r) 

The hypergeometric series represented by 7'_*(t) converges 
for values 0^|tK1. For the present case of y=—l or 

/3=— ^; values of r corresponding to positive values of M 

lie outside the range of convergence. A closed expression 
for F_t(T) can be found, however, for this case which, by 
analytic continuation, is therefore valid for aU values of r. 
Thus 

^|- l + (l-^)i/r j 

Similarly, from equation (9), when the index is positive, 
r»(7-)=if(^,|,l+i;r) 



_r i+(i-r)'>^ -* 



Observe that 



<2»(2)= 



=[ 



2i+(r=^p. 



(14) 



This identity for the von Kdimin-Tsien case corresponds to 
the identity 2*=^ for the incompressible case. 



Case of fc=l: 
For A=l, 



Ox—l 



Then, for the positive index, 

=aF(l, -p, 2; r) 

l-(l-T)fl+t 



=2- 



(/3+1)t 



(15) 



For the negative integral index, it may appear at first glance 
tliat equation (13) is needed; however, equation (12) does 
yield a relevant and jQnite result and accordingly is the 
equation to be used. Thus 

.Um J'(a.-i, l-A; r)=H-|r-2^x^+^U3 

;3'(j3-l)()3-2) , 
2X41 

= l+^rfl[l-(l-^)'"'J 



and therefore 

<2-i(r)=r' { 1+1^ U-d-r)'^'] j 



(16) 



Case of k=0: 

The exceptional case of k=0 is directly treated by moans 
of equation (8). The diflFerential equation for Yo{r) or 
Qo(t) then is 

The general solution of this equation can be Avritten as 
Qo(s)=20r log f [(l-r)^-l] ^+0, 

Jo T 

where Ci and C» are arbitrary constants of integration. The 
constants Ci and 0% are determined by the imposed condition 
that the expression for ^(2) reduce in the incompressible 
case simply to log 2- Then 



and therefore 



(17) 



In a similar manner, from the differential equation for Po, 



d r r(l- 



■(2/3+l)r drj 
the expression for Po is obtained as 

It is remarked that the functions Qoiq) and Po(2) identical 
with the elementary fimctions L(g) and £(2), respectively, 
infaroduced in part I (reference 1) and are associated with 
a vortex and a soxu-ce type of flow. 
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THETFUNCnONS'JJj'JiNDrSj 

A linear homogeneous differential equation of order n 
can, in general, be reduced to a differential equation of 
order n~l by means of an exponential-type substitution 
forj^the dependent variable. Chaplygin made iiae of srucli a 
substitution to reduce the second-order diSeraatial equations 
satisfied by P» and Qt to first-order equations of the Riccati 
form, in order to study properties of the functions and Qt 
in the subsonic range for only positive values of k. In the 
present analysis the Biccati equations axe also found useful 
in order to extend the study of the fimctions P* and Qt to the 
8upei"sonic range for both positive and negative values of the 
index k. 

The second-order differential equations for P* and <2*> 
with T as the independent variable, are 



and 



5^L1-(2/3+1)t drj 4 t '^*~" 
A f— !_ <^Q*T ^ 1-(2/3+1)t ^ 



The corresponding first-order Riccati equations are ob- 
tained by substituting for P* and Q» new dependent varia- 
bles Rt and jS*, respectively, as follows: ■ 



or 



Pt=e-' 

r, 2t 1 dPt 

^*=TPi"sr 



(19) 



and 



or 



o 2r 1 dQt 

=|^log«* (20) 
The equations satisfied by Rtir) and Skir) are 

and 

Initial conditions for Bjtir) and )Sjt(T) are found by examina- 
tion of the incompressible case r 0. In this case 

Pt=Q*=2* oJ^d, since 2t ^=2 it follows from equations 
(19) and (20) that 

i2t(0)=S»(0)=l 



The foUowiog important relation exists between the func- 
tions Btir) and Stir): 



(23) 



Equation (23) can be verified directiy from the hodograph 
equations (1). It may be noted at this point that this result 
is of significance in connection with the geometric-mean 
type of velocity correction factor introduced in part I and 
is discussed more fuUy in a later section. 

Before the fimctions Btir) and Skir) are treated, certain 
general observations can be made regarding tiie functions 
P*(t), Qtir), Bt{r), and Stir). Chaply^, who limited 
his investigations to the subsonic range and to positive values 
of the index k, has shown that <2t and consequentiy the other 
functions possess no roots for any value of the independent 
variable in the subsonic range, with M=0 excluded. In the 
supersonic range M>1, Pt(j) and Qtir) in general possess 
zeros. Certain relations obtained by means of equations 
(19), (20), and (23) between P», Qt, Bt, and jS» at the zeros 
of Pt and Q» summarized as follows: 



Pi 




iPk 

dr 


dr 




Si 


0 


Maxorinin 




0 


oo 


0 


Max or mill 


0 


0 




0 


CO 



It is remarked that the number of zeros of Qt, as a function 
of the index k, can be found from an expression developed 
by Elein and Hujrwitz (reference 7) in connection with the 
zeros of the hypergeometric function. In general, the 
number of zeros increases with the mt^nitude of the index k 
and is infinite for k= ± <» . 

A further observation of interest can be made in connec- 
tion with equation (23). Chaplygin has shown that, for 
positive finite values of k (and the same is true for negative 
finite values of k), the functions jS*(t) are not zero for the 
sonic value t=t, or M=l. !From equation (23) then, it 
follows that the functions J2j;(t)=0 for M=l. 

In view of the relation between the functions Bt and St 
given by equation (23), only St need be discussed.- The 
Riccati equation (22) may be used to discuss certain proper- 
ties of the fimction St but in general, for numerical evalua- 
tion, the original definition (equation (20)) in terms of the 
fimction Qt may be used directiy: 

„ _2r 1 dQt 
Qt &r 

or 

2rdTt 

In general, the functions St are expressible in infinite series. 
For several values of k, however, St can be expressed in 
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closed toims. For k—0 and k=± <», jS'i may be obtained 
by a limiting process from equation (20) ; boTvever, for these 
special cases tbe Riccati equation (equation (22)) yields 
the results directly. Thus 



and 



^_j- l-(2iS+l)rj 

= (1-Af»)i'2 



(24) 



(25) 



The cases k=l and k= — 1 may also be expressed in closed 
form. With the aid of the equations (15) and (16) for Qi 
aJid equation (20) yields 



and 



^1=1-2 



l-(l + j3r)(l-T) 
1-(1-t)^» 

j3r(l— T)g 



(26) 
(27) 



In order to illustrate the behavior of some of the fimctions 
thus far introduced, a mmiber of tables and figures are given. 
All the calculations have been performed with the adiabatic 
index 7=1.4. Table 1 gives values of as a function of 
M or T for several positive and negative values of the index k. 
Figure 1 shows the functions Yt plotted against M. Values 
of the functions St; and Rt are given in tables 2 and 3 and 
are plotted against M in figures 2 and 3. 

THEFDNCTIONS/i(T) AND J*(t) 

In the incompressible case, the sets of functions Qt and P* 
can be reduced to a single fimction log g by means of a 

simple operator ^ log. Thus 



and 



^log2*=log2 



This some operation applied to the functions Qt and Pt in 
the compressible case serves to define two useful sets of 
fimctions log 2+y»(T) and log q+gtij), respectively. Thus 



and 



1 



J log Pt=log i+gtir) 



(28) 



(29) 



From equation (7), namely, 

Q*=2*r*(r) 



it follows that 



(30) 



From equation (6) for P* and equation (20), which defines 

1 



(l-r) 



It f oUows that 



^ / N - 1 W 7t(T)gt(r) 
<?*(r)=^l0g (1^^/ 



a-ry 



(31) 



For example, for k=l and k=—l and •with the use of equa- 
tions (15) and (16), 



1 l-(l-r)^+' 
n M -^ncr a-r)''[l + (2<3+l)r]-l 
y_.(r) log { 1+1 ^ [l_(l_r)/H-i] j 



P-l ('•) = — log 



(3i3+l)-)3(l + T)(l-T)g 
2(i8+l)(l-r)'' 



(32) 
(33) 
(34) 
(36) 



For k=0 and k=±co, equations (30) and (31) require a 
limiting process for their evaluation. Alternate forms for 
ftir) and gt(r) may be obtained, however, by means of 
equations (19) and (20) defining ^^(t) and Stir), which yield 
the results for k=0 and k=±co directly. Thus 



and 



y*(.)4/>(r)-i]^ 

g.(r)=l jj[R,(r)-l] 



dr 

T 



(36) 
(37) 



where Rjc(r) and 5*(t) are related according to equation 
(23). Then 

yo(r)=|J;[(l-r)/.-l] ^ 



and 



(38) 
(39) 



^ f40) 



It is worthy of special notice that the functions yo(T), goir), 
and y<.o,(r) are identical with the functions y(T), ^(t), and 
A(t), respectively, which formed the basis of part I (refer- 
ence 1). In addition, the expressions log g.+fo(T), log q+goir), 
and log 2+y.o>(T) are identical with the functions L, L 
and H, respectively, which were introduced in part I. 

A number of fimctions y* and </* have been calculated, 
with 7=1.4, for several positive and negative values of the 
index k, and the values are given in tables 4 and 5 and 
plotted in figures 4 and 5. 
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The opportunity is taken here to note that, for the 
von Kdrm&n-Tsien case ^7=—! or P=—xj^> 

/t=fft=— log ^ — — 



and that the sets of functions and Qt, as in the incom- 
pressible case, are reduced to a single function by the operator 

|;log; namely (compare equation (14)), 

logg+log ^^^^_j^^, 

In fact, the complex flow potential <^+# can be expressed 
as an analytic function of a single complex variable 



e+i log 2 



Tsien has made use of this complex 



variable in his hodograph treatment of the compressible 
flow past an elliptic cylinder (reference 8). 

VELOCITY COERECnON FACTOR 

The solution of the problem of an exact correspondence 
between the flow past a prescribed body in an incompressible 
fluid and the flow past the same body in a compressible 
fluid is a difficult matter. This problem can be solved ex- 
actly for certain types of flow patterns (not past closed 
shapes), such as flows inside or outside angles or channels, 
and for certain flow singularities such as a vortex, source, 
and doublet — types of flow which can be associated with the 
particular solutions Qt. Some of these types of flow are 
illustrated by examples in the following section. Combining 
particular solutions to represent uniform flow past a pre- 
scribed body is a complicated process, since the treatment 
of infinite series in the fimctions for both positive and 
negative values of ^ is involved. Furthermore, the process 
of returning to the physical-plane variables from the 
hodograph-plane variables hinges on nonelementaiy parts of 
differential geometry. Certain types of jet problems can be 
properly treated in the subsonic range by series in Qt with k 
positive, as was shown by Chapilygin (reference 3). Thus, 
it appeal's that much work remains to be done in order to 
render feasible exact and practical solutions for uniform flow 
past prescribed bodies in a compressible fluid. Because of 
the difficulty and complexity of the general problem of flow 
in a compressible fluid, attempts have been made by a 
number of investigators to obtain results by means of 
velocity correction formulas that serve to place in correspond- 
ence velocities in on incompressible and in a compressible 
fluid. 

In part I the velocity correction factor was discussed with 
particular reference to the two functions L and L {Qg and 
Pq of the present paper) associated with a vortex and source 
type of flow, respectively. The main justification for the 
results of part I was the yielding and the unifying of the 
results of Chaplygin, von Ktanfin and Tsien, Temple and 
843110—50 21 



Yarwood, and Prandtl and Glauert. The knowledge of the 
infinite set of functions Pt and Qt discxissed in the present 
paper can now serve to establish further on a reasonable basis 
the concept of a velocity correction formula. 

In order that a single velocity correction factor be feasible, 
even for a flow associated with a particular solution, it is 
necessary that » Qt. Consider, for example, the functions 
Qt and P» insofar as the first power of the variable t is 
concerned. It can be shown easily that 

1 



.and 



log Gt=log 2+/t(T) 
wlog 2— |/St 

|logP*=log i+gtir) 



»log 2-2 iSr 
Thus, to the first power of t and independent of k, 



Then 



The nature of the correspondence between the incompressible 
fiow and the compressible flow is such that 



01= 0e 



(41) 



Without going into any details here of the field point corre- 
spondence or of the boimdary distortion, the velocities in the 
incompressible and compressible cases may bo placed in 
correspondence as follows: 



or 



(log2)<=(log2-|/3'-)^ 



2i=2c« 



(42) 



This result imphes that the complex variable 



e+i (log g~ iSr) 



in the compressible case corresponds to the complex vari- 
able B-\-i log 2 hi the incompressible case. Equation (42) 
represents the approxLmation of Temple and Tarwood 
discussed in part I. 

Consider now the fimctions Qt and Pt insofar as lai^e 
values of the index k are concerned. It is recalled that, as 
the index i->± 00 , 

Rt-^St 

-^(l-ili^^/* 
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and that 



:logP* 



where 

Then, as k->±.o>, 



The function A.(t) is expressed in integral form in equation 
(40) and has been evaluated and tabulated in part I. (See 
also t-able 4 and fig. 4 of the present paper.) The corre- 
spondence of velocities in the incompressible and the com- 
pressible case is given by 



(t) 



(43) 



Equation (43) constitutes the geometric-mean velocity 
correction formula introduced in part I and is limited to 
the subsonic range O^M^l. It is observed that, for posi- 
tive values of k, A(t) lies between ft(.r) and gtir) in 
magnitude. Moreover, the deviation of «'*^''' from «^*''' 
and e"**''' is quite smaU. in the subsonic range. (See table 6.) 

The foregoing remarks, together with the fact that the 
geometric-mean type of approximation contains the results 
of Chaplygin, von Eldrmdn and Tsien, Temple and Yarwood, 
and in the limiting case of small distiurbances to the main 
floAV the exact Prandtl-Glauert rule, lead to the suggestion 
that it may be adopted as an over-all type of approximation 
in the subsonic range. 

FLOW PATTERNS COBRESPONDING TO THE PARTICTJLAB 80I.DTI0NS 

Before the flow patterns corresponding to the particular 
solutions if>it and r/zt given by equations (4) for the compres- 
sible case are discussed, it is instructive to examine the 
incompressible case. Consider the complex velocity potential 

= Uz" (44) 

where U and n are constants and z=x+iy. It is well known 

that, if where a is an angle between 0 and 2v, equation 

(44) represents the flow in a sharp angle. For example, the 
flow inside a right angle is obtained with n=2 and the flow 

2 

outside a right angle is obtained with n=-^. Again, the value 

o 

71=1 or a=fl- corresponds to a imiform flow and the value 

n=4 or a=2T corresponds to the flow aroimd a semi-infinite 

line. Clearly, all the angle flows are obtained with values 
of 71 between % and <» . Other types of flows are given by 
other values of n. For example, n= — l corresponds to a 
doublet and the remaining negative integers are associated 
with singularities of higher order than the doublet. In 
addition to the flows described by the powers z", there are 



the two fimdamental flows, the source and the vortex, asso- 
ciated with the function log z. If, now, it is desired to obtain 
generalizations for the compressible case of the foregoing 
particular flows, the procedm-e is first to express <l> or ^ for 
the incompressible flow as a function of the hodograph 
variables q and 6 and then to replace 2* by P* or Q*, respec- 
tively. Several examples will best illustrate this procedure: 
(1) Consider the compressible generalization of the angle 
flows. By means of the relation 

where 'w=0+i log q, the hodograph complex variable w is 
introduced as independent variable in place of z. From 
equation (44) 



da 



Hence 



and 



Then 



71 

If is replaced by k, the compressible generalization of 
the angle flows is given by 

^ sin Afl (46) 



1 



n-1 



U 



n 



iUn) 



n-l 



U n-l . n „ 



(Z77l)i=i 



The inside angle flows are given by values of in the range 
1<A< » and the outside angle flows, by values of i in the 
range Ig— i<oo. For example, k=2 for the flow inside 
a right angle, and k=—2 for the flow outside a right angle. 
Other types of flow are given by values of A in the range 
-l<i^l. 

The case k=l or 7i=± oo is exceptional and, in fact, 
corresponds to the incompressible flow 

fl=e" (46) 

where c is a constant. 

(2) Consider the compressible generalization of the doub- 
let. The complex velocity potential for the incompressible 
doublet at the origin is 

z 

The reflected-velocity vector is 

dz~ 2» 



Henco 



and 
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TRANSFORMATION FROM THE HODOGRAPH TO THE PHYSICAL VARIABLES 



. iiw 

z=ie 



^ — * 



Q=—ie 



The stream function for the incompressible doublet is then 
given by 

if>=—£i cos ^0 

The compressible generalization of the doublet is therefore 
^i=-Qi cos|e 

(3) Consider the compressible generalization of the source. 
The complex velocity potential for a unit source at the origin 
is 

Q=log z 
The reflected-velocity vector is 

dz z 



=6-'" 



Hence 
and 



2=6*" 



Q=iw 

The velocity potential for the incompressible source is 

logff 

The compressible generalization of the source is then given by 

^0= — Po 

(4) Consider the compressible generalization of a point 
vortex. The complex velocity potential for a vortex of unit 
strength at the origin is 

Q=—i log 2 
The reflected-velocity vector is 

dz z 



Henco 



2=— 

and, except for an additive constant, 

Q=w 

The stream function for the incompressible vortex is 

The compressible generalization of the vortex is then given by 

^^0=00 



Given the velocity potential 0 and the stream ftmction ^ 
in terms of the hodograph variables 6 and g, it is possible to 
express the coordinates x and y of the physical plane in 
terms of 8 and 

From the basic flow equations 

<ix~ p by 



by p dx 
it followB (see equation (6) of reference 1) that 

dz=j e'o(d,j>+i^di^^ 

The real and ima^ary parts of this equation yield 

■*'4[(^-«-?i-»)'^ 



(47) 



Equations (47) relate the differential line elements in the 
physical xy-plane and the hodograph flg-plane. When 
expressions for <l> and ^ as functions of 0 and g are known 
for a given flow, the integrals of equations (47) are the 
equations of transformation of the 8,2 coordinates to the 
x,y coordinates. It may be remarked that the hodogi-aph 
flow equations (1) are the integrability conditions for the 
differential equations (47). The right-hand sides of equa- 
tions (47) are therefore perfect differentials. 
Consider one set of particular solutions from equations (4) 

<l>=Pk(3) coske 
'f'= — Qt(g)san.ke 

where k=±l and k=0 are excluded. By the use of equa- 
tions (5), it can easily be verified that 



"2LV2 pg'*^V k+1 



(48) 
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The equations of transformation corresponding to the other 
set of particular solutions from equations (4) are obtained 
by replacing in equations (48) the cosine by tiie sine and the 
sine by the negative cosine. 

The excluded cases k=0 and k=±l are now treated. 
For k=0, one set of particular solutions corresponds to a 
source and is 

<f>o= — Po 



Equations (47) then yield 



z=— cos e 
Pi 



y=-^ sin e 



The other set of particular solutions corresponds to a vortex 
^nd is 

<t>a=d 



Equations (47) then yield 



For k=l with 



equations (47) yield 



x=—sin 0 
2 



y= cos 0 

? 



<l>i=Pi cos d 
1^-1=— Qi sin 0 



With the use of equations (15) and (5), 

8 , . 1 2)3+1 r 1 -| 



(49) 



where g(,T)=go(j) by equation (39) and is evaluated in part I 
(reference 1). 



For fc=l with 



(j>i=Pi sin 0 
^i=Qi cos 0 



1 r 1— d— t')*^' "1 . 



l-(l-r) 



()3+l)r(l 



-r)d 



cos 2fl+log g 



js . s 1 2fi+i r 1 -] 

2 p+1 LCl-r)" 



(50) 



For i=— 1 with 



^_i=P_i cos 6 
4'-i=Q-i sin 0 



equations (47) yield 



With the use of equations (16) and (5), 

"3/3+2 1 /3 



1 P 



|8+1 (l-r)" j8+ 



1 (1 + ^r)] 



cos 20 



3;8+2 



400*^"^=^ ' 4(j8+l)a?' 

3ff+2 2ff+i r 1 1 
+8(i8+l) /Soo* L(l— r)" 



_ 1 r3j3+2 1^ 



^-'~42»L/3+l (l-r)" /3+1 
Fori=— 1 with 



(l+iSr)] sin 29+^,5 



(61) 



^_i=— P_i sin 0 
4'-i=Q-i cos « 



•)]sii 



(l + |3r) 8m20 



1 P 

f-'=-4^L 



3/3+2 1 



/3+1 (l-r)" /3+ 



^(l + i3r)] 



cos 20 



(52) 



+ j^lOgg + ^(^^l)^. g(T) 

3/3+2 2/3+1 r 1 1 
"'"8(/5+l) /Soo^ L(I-t)'' -^J 

B.ingleb (reference 2) gives an example of the flow of a 
compressible fluid axoimd a semi-infinite line. An examina- 
tion of Ringleb's stream function sin 0 shows that it is 
a Unear combination of and that is, 



Tn fact, aU the external angle flows {l^—k<io}) are non- 
unique; for, in view of the discussion preceding equation 
(11), a general form of is 

./'_t=2-*[^r*rt(r) + r_*(r)] sin k9 

where A is an arbitrary constant. 
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OB9EHVATIONS ON LIMIT LINES 

In the present section there are reviewed briefly certain 
conditions, discussed by ToUmien (reference 9) and Ringleb 
(reference 10), with regard to possible hmitations on the 
potential flow of an adiabatic compressible fluid. 

Consider the family of streamlines 

rf/(6, 2)=Constant 
Then along a streamline 

and, from equations (47), the line elements along a streamline 
are 



dy 



£)i/'Y"| sine 



(53) 



Singular points along a streamline are characterized by the 
vanisliing of the common factor of equations (53): 

(Stagnation points at which ^ and ^ vanish, the vortex 

for wluch ■||'=0 and tite soiurce for which ■^=0, are ex- 
cluded from this discussion.) Observe now from equations 
(47) that the Jacobian of the transformation from the 
hodograph variables B and g to the physical-plane variables 
X and y is given by 



\e,qj p^\be 



bg 



b<l> bf\ 
'52 be J 



=i©'[(M)'-|(--«(ll)1 (-) 

Thus, the vanishing of the Jacobian is equivalent to the 
condition for the existence of a singular locus for the family 
of streamlines 

^(5,2) = Constant 

This singular locus consists of points at -which the stream- 
lines undergo an abrupt change of curvature and means, 

physically, that the acceleration 2^ of a fluid particle is 

infinite at such points. 

Both Ringleb and Tollmien have shown that the singular 
locus for the streamlines is also the envelope of the Mach 
lines in the plane of flow. The Mach lines are related to the 
streamlines in such a way that the component of the fluid 
velocity normal to a Mach line is equal to the local velocity 
of sound. The Mach lines are identical with the so-caUed 
characteristic curves of the second-order partial difiFerentdal 
equations for 0 and f and are the integral curves of the 



ordinary differential equation 



or 



(56) 



The real solutions of this differential equation interpreted 
in the physical xy-plane yield the Mach lines for a given 
flow. The solution of equation (56) is 

6—00= tan-^VriV^*— 1) -tan-» VAf— ij (57) 

y — 1 

where r,= ^_^^ and where assumes the values of 0 along 

the M= 1 line for a given flow. 
It is recalled that the function 

fl-=log 2+A(t) 

introduced in part I (reference 1) in connection with the 
geometric-mean type of velocity correction formula is a 
solution of the differential equation 



dE=±- dq 

in the subsonic range. Observe that a continuation of 
the fimction Hbxto the supersonic range is given by equation 
(56) as 

dd=± ^ ^ dq 

In the supersonic range, the function H=6—6o can thus be 
interpreted as the hodograph of the Mach lines for a given 
flow. 

The differential line elements dx and dy for the Mach lines 
in the physical plane are now given. From equations (47) 
and (56), the line elements along a Mach line for a given flow 
are 



di=^(± VM^l cos fl-sin e)(^^±K/W=ri^y^ 
1 sin e+cos e)(|i±iVi05IIi||)rf2 



dy^^i±^fM■ 



(68) 



Singular points along a Mach line are characterized by the 
vanishing of the common factor of equations (5S) 

g±iV»=l|^=0 (59) 

Equation (69) represents in the plane of flow two possible 
singular loci or "limit lines" for the two families of Mach 
lines associated with the plus and minus signs in equation 
(56). Clearly, the two singular loci cannot occur simul- 
taneously since the two conditions cannot be satisfied simul- 
taneously. Observe that equation (69) is equivalent to the 
vanisliing of the Jacobian given in equations (55). Thus, 
the vanishing of the Jacobian is not only the condition for 
the existence of a singular (cusp) locus for the streamlines 
but also the condition for the existence of a limit line (enve- 
lope) for the Mach lines. 
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The existence of a singular locus may be looked upon as 
Eeing" equivalent to the vanishing along a curve of the 

Jacobian of transformation from the hodograph- 

plane variables 8 and 2 to the physical-plane variables x and 
y. It is remarked that singular solutions exist for which the 



Jacobian J 




of the transformation from the physical- 



glane variables x and y to the hodograph-plane variables 0 
and 2 vanishes identically in a region of the physical plane. 
In this case, as Tollmien pointed out, 6 and q are no longer 
independent variables and the flow cannot be described 
in the hodograph plane. Examples of these "missed flows" 
are the solutions of Aleyer (reference 11) for supersonic flow 
inside and outside sharp angles. 

It is of special interest to apply the condition for the van- 
ishing of the Jacobian to the particular solutions and 
treated in the early part of tliis paper. The expression for 
the Jacobian for a particular solution 

Pt cos kO 

is, with the use of equations (5), for k^^O, 

•'"^VdO &ff 52 boy 

=^[p»*sin*Afl4-(^J iX-M^Qt^ cos^ ke^ (60) 

Clearly, this expression for J is positive in the subsonic 
range il/<l. At the sonic value M=l, Ptf^Q (see table 
following equation (23)) and J is again positive. At the 
first zero of P* in the supersonic range M^l, QtT^O; hence, 
J is negative. The values of M, for all the pairs of values 0, 
M for which the Jacobian J vanishes, therefore lie between 
M=\ and the value of M at the first zero of P* (or iS*) in the 
supersonic range. 
By means of the relation 

Pt=5$»S* 

the vanishing of the Jacobian yields 

Equation (61) is the relation for pairs of values 0, M, which 
interpreted in the physical ary-plane constitute the limit line 
for the particular flow ^t, ^t. The values of M that satisfy 
equation (61) accordingly lie between M—\ and the value 
of M at the first zero of St in the supersonic range. 

This paper is closed with the following remarks on limiting 
values of M in connction with the use of velocity correction 



formulas. The limiting local values of M in the case of 
uniform flow past a prescribed boundary, in general, depend 
on shape parameters. The use of a velocity correction 
formula, however, yields a constant limiting value of M 
that depends only on the particular correction formiila used. 
The geometric-mean correction formula yields tiie value 
M=l; the approximation of Temple and Yanvood yields 
M=1.35; and the arithmetic-mean correction formula given 
in part I (reference 1), which is based on a linear combination 
of a source (limiting value M=l) and a vortex (limiting 
value M=a>) or a spiral flow, yields the value M=l,15. 
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M 



0.1 
.2 
.3 
.4 
.fi 
.S6 
.0 
.BS 
.7 
,76 

.8 

.m 

.85 

.S7S 

.0 

.V2t 
.98 



I.OO 

1.02 
1.04 
1.08 
1,08 
1.10 
1,12 
1.16 
1,18 
1.20 
1,26 

1.30 
1.36 
1,40 
1,46 
1.60 
1,66 
1,60 
1,66 
1,70 
1,76 

l.SO 
1.86 
I.OO 
1.96 
2.00 







y, 










0.00200 


U. VOOiiJ 


0.99761 


0.99626 


0.99603 


0.99378 


0.99130 


,00T&4 


.09505 


.99012 


.98620 


.93030 


.07642 


.98572 


01768 


!9S902 


[97800 


[06734 


[05648 


.94533 


.92481 


! 03101 


!o8085 


[96184 


[943O6 


.02460 


.90633 


.87096 


. 04782 


.97078 


[ 04188 


[91353 


.88584 


.36836 


.80709 


.05705 


! 06513 


[g3071 


[S0707 


[86438 


[ 83263 


.77240 


! 06716 


! 05911 


[ 01884 


[37066 


.84178 


.30624 


.78843 


!077W2 


! 96276 


[90636 


[80141 


,81818 


. 77678 


.69954 


08025 


! 94613 


'80330 


84247 


70383 


.74766 


.68213 


! 10112 


[93926 


[87901 


[82297 


[76888 


.71778 


.62465 


11348 


, 03216 


.86609 


.80303 


.74353 


. 68772 


.58723 


' 11082 


.02356 


[85007 


[79294 


[ 73074 


.67284 


. 66857 


12620 


! 02491 


[85108 


[78278 


.71701 


.66768 


.66016 


' 13270 


.02123 


[84486 


[ 77257 


[705O6 


.64261 


. 53192 


' 13941 


! 91751 


[83766 


[76232 


[©220 


.62761 


.51388 


! 14612 


! 01378 


[83046 


[76206 


.67936 


.61257 


.49610 


! 16200 


! 01002 


.82320 


.74176 


.66664 


.69773 


.47866 


15503 


[90361 


[82030 


[73766 


.66143 


.69182 


.47153 


' 16113 


00649 


81448 


'72942 


86123 


.68006 


.46790 


! 16667 


[90246 


[80866 


[72121 


.64106 


.58838 


.44436 


. 17224 


.89942 


.80283 


.71301 


.63004 


.66680 


.43103 


! 17785 


[89638 


[70701 


.70483 


.62083 


.54531 


.41792 


! 18349 


89334 


[79119 


, ©667 


.61088 


.63394 


.40602 


! 18015 


[89029 


[73533 


[68855 


.60094 


.52267 


.39236 


* 10485 


.88725 


[77968 


[68046 


.50103 


.61153 


.87992 


;20066 


[88421 


. 77379 


[67241 


[68139 


.60062 


.36773 


. 20917 


[87006 


[ 76616 


.66042 


.66677 


.48424 


.34990 


31782 


[87613 


[75655 


[64854 


.55246 


.46328 


.33263 




'87211 


[ 75085 


64060 


61303 


.45782 


.32143 


!^o 


[86462 


.73673 


[62132 


.61991 


.43234 


.29456 


.25262 


.86721 


.72283 


.60238 


.49748 


.40784 


.26929 


' 26713 


[84900 


[ 70916 


[53333 


.47578 


.38438 


.24563 


* 28161 


.84270 


[69676 


. 66687 


.45480 


.36192 


.22364 


*20602 


83663 
[82860 


68265 


[64838 


[ 43461 


.34063 


.20301 


[S1034 


[66985 


[63141 


[41521 


.32019 


.18396 


.33465 
.33862 


.82100 


.66738 


.61500 


.39660 


.30089 


.16835 


.81526 


.64624 


.49913 


.37870 


.28262 


.15012 


.35254 


.80877 


.63345 


.48383 


.36177 


.26636 


.18520 


.36620 


.80245 


.62200 


.46000 


.34652 


.24906 


.12161 


.37984 


.70630 


.61091 


.46401 


.33004 


.23870 


.10897 


.39320 


.70031 


.60017 


.44128 


.31630 


.21926 


.00763 


.40635 


.78440 


.68078 


.42819 


.30129 


.20569 


.08710 


.41928 


.77886 


.67074 


.41664 


.28708 


.19296 


.07761 


.43108 


.77337 


.67006 


.40361 


.27636 


.18102 


.06900 


.44444 


.76805 


.66070 


.39209 


.26337 


.16084 


.06110 
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Y-i 




1.00125 




L00371 


1.00517 


1.00634 


1.00883 


L 01261 


95134 


L 00494 


1.00933 


1.01442 


1. 02207 


L02642 


1.03632 


1,05178 


89414 


1.01094 


1 09169 

J.* V^XlM 


1.03080 


1.05313 


1.06271 


1.08597 


L 12213 


82037 


1, 01904 


1. 03728 


L 05128' 


L 10000 


1.11755 


L 16425 


1,23409 


73491 


1. 02897 


l[ 05606 


LO7340' 


1. 16253 < 


L 19120 


1.27940 


1,41003 


68961 


L 03463 


L 06637 


1.08441* 


1. 19901 


1.23423 


1.35293 


1,53449 


! 64344 


L 04042 


1.07714 


1.00502' 


L23835* 


1,28044 


1.43746 


1,69314 


' 55703 


L 04660 


L08823 


L 10499 ■ 


L 27093 


1,32883 


1.63249 


1,89526 


55092 


1.06304 


1 09067 


L 11410 ' 


1.323071 


1.37819 


1.63666 


2.16092 


160563 


1.05969 


1.11122 


1. 12216; 


1.38702 


1.42n6 


1.74773 


2.47001 


^160 


1. 06651 


1. 12285 


1. 12901 


1.41099' 


1.47420 


1.86253 


2.88074 


44016 


L 06997 


1. 12868 


L 13195 


1.43274 


1.49670 


1.92011 


3.08469 


41917 


1. 07347 


1. 13446 


1. 13464 


1,46421 


1.51810 


1.97707 


3,32803 


39867 


1 07©8 


1. 14024 


L 13678 


L 47529 


1,63830 


2.03280 


3.50058 


[ 37888 


l[ 08052 


L 14698 


L 13S66 


1.40691 


1,66714 


2.0S887 


3.87173 


[ 3^28 


L08407 


L 1616S 


L 14017 


1,61657 


1.57444 


2113801 


4.17014 


[34034 


1.08783 


L 15734 


1,14132* 


1.53640 


1.69006 


2.18616 


4.48617 


*83294 


1.08005 


L 15958 


L 14167 


L 64297 


1.59580 


2.20436 


4.81510 


31844 


L 00191 


L 18405 


L 14220 


1.55778 


1.60638 


2.23874 


4.88108 


[30432 


L 09477 


1.16847 


1.14249 


1.67203 


1.81566 


2.27013 


5.15401 


. 2906S 


L 09763 


1. 17286 


1.14254 


L 58576 


1.62360 


2.29819 


6.43233 


27724 


1. 10048 


1. 17718 


1. 14236 


1.69801 


L 63016 


2.32258 


6.71424 


'25430 


L 10333 


1. 18147 


1.14194 


1.61145 


1.6352S 


Z34300 


6.99777 


* 25176 


L 10618 


1. 18570 


L 14129 


1,62337 


L 63891 


2.35914 


6.28077 


23961 


1. 10902 


1, 18987 


1. 14042 


1,63462 


1.64102 


2.37071 


6.66092 


[ 22788 


L 11186 


L 19399 


L 18933 


1.64520 


1.64167 


2.37746 


6.83679 


[ 21098 


L 11608 


1.20006 


L 13728 


1.65975 


1.63943 


2.37709 


7.23249 


' 19499 


L 12028 


L20599 


L 13476 


1.67269 


1.63367 


2.36639 


7.60241 


' 18481 


1. 13306 


1.20987 


L 13282 


1.68040 


1,62782 


2.35161 


7.82954 


[ 16102 


1.12995 


L 21927 


1.12712 


1.69640 


1,60612 


2.2S901 


a303S0 


. 13953 


L 13673 


1.22825 


1.12030 


1, 70770 


1,67447 


2.18883 


8.62769 


[12022 


L 14339 


1.23680 


L 11246 


1.71430 


1,63323 


Z05067 


8.74667 


10207 


L 14990 


L 24491 


1, 10370 


1.71632 


L4S294 


1.87538 


8.6327B 


08768 


1. 15637 


1.25260 


1.09414 


1.71392 


1,42427 


1.66478 


8.20094 


! 07406 


1.16249 


1.25986 


1.08389 


1.70731 


1,85802 


1,42162 


7.01697 


.06213 


L 16854 


1.26669 


L07306 


1.69677 


1.28508 


1,14948 


a69350 


.06168 


L 17442 


1.27313 


1.06178 


L6S26S 


1.20639 


.86262 


6.50014 


.04258 


L 18014 


L 27914 


1.06009 


1,66508 


1.12291 


.63630 


4.053U 


.034® 


1.18568 


1.28479 


1.03814 


1.644S9 


1.03562 


.20207 


2.37916 


.02788 


1.19105 


1.29006 


1.02599 


1,62146 


.94518 


-. 14043 


.51301 


.02206 


1. 19625 


1.29499 


1.01373 


1,69603 


.85334 


-.48912 


-1.60116 


.01708 


1.20128 


L29967 


L 00144 


1.66864 


.76012 


—.83871 


—3.62711 


.01288 


1.20614 


1.30384 


.98916 


1,63961 


.00659 


-1.18479 


— 6.80S29 


.00031 


1.21083 


1.30781 


.97697 


1.60924 


.67349 


-1.62335 


-7.99978 


.00637 


1.31636 


L3UG0 


.06490 


1.47782 


.48146 


-L8607S 


-iaiS603 



TABLE 2.— THE FUNCTIONS St FOR SEVERAL VALUES OF THE INDEX k 



M 


T 




Soj 


a 




8, 


Su 


Su 


Si 


Sod 


ai 


aoo2oo 


a99502 
.98028 


0.99501 


a 99501 


0.99600 


0.99500 


a99500 


ag95oo 


0.99500 


a 99199 


.3 


.00794 


.98018 


.98013 


.98007 


.98004 


.98001 


.97997 


.97904 


.97980 


.3 


.01768 


.06638 


.95592 


.95660 


.95537 


.95520 


.96507 


.95487 


.95468 


.96394 


.4 


.03101 


.92427 


.92288 


.92189 


.92U8 


.92064 


.92022 


. .91958 


.91896 


.91662 


.6 


.04762 


.88617 


.88187 


.87967 


.87788 


.87657 


.87563 


.87397 


.87242 


.88603 


.56 
.6 


.05705 


.88342 


.86871 


.86641 


.85296 


.85105 


.84953 


.84723 


.84492 


.83516 


.06716 


.84045 


.83398 


.82938 


.82694 


.82328 


.82U0 


.81784 


.81461 


.80000 


.66 


.07792 


.81644 


.80777 


.80158 


.79^ 


.79325 


.79028 


.78675 


.78109 


.76993 


.7 


.08926 


.70158 


.78028 


.77216 


.76696 


.76106 


.76706 


.76092 


.74454 


.71414 


.76 


.10U2 


.76604 


.7a84 


,74118 


.73316 


.72674 


.73148 


.71332 


.70473 


.66144 


.8 


.11348 


.73999 


.72202 


.70881 


.69858 


.69036 


.68356 


.67295 


.66163 


.60000 


.826 


.11982 


.72683 


.70688 


.69214 


.68067 


.67140 


.66371 


.65181 


.63860 


.66513 


.86 


.12828 


.71361 


.69166 


.67617 


.66238 


.65196 


.64330 


.82959 


.61476 


.62878 


.876 


.13279 


.70084 


.67605 


.65791 


.64365 


.63203 


.62231 


.60884 


.58995 


.48412 


.9 


.139U 


.68704 


.66039 


.64038 


.62467 


.81162 


.60076 


.68334 


.56419 


.43589 


.926 


.14612 


.67374 


.64469 


.62269 


.60512 


.69074 


.67862 


.56910 


.53742 


.37997 


.95 
.96 


.16390 


.88044 


.62868 


.60467 


.68532 


.66941 


.66593 


.63409 


.60962 


.31225 


.16563 


.85513 


.62229 


.69730 


.67730 


.66076 


,64669 


.62387 


.49820 


.28000 


.98 


.18UJ 


.64452 


.60946 


.68266 


.661U 


.64321 


.62795 


.60306 


.47484 


.19900 


1.00 


.16887 


.63394 


.69667 


.66787 


.64472 


.62639 


.60886 


.48174 


.46076 


0 


1.02 


.17224 


.02339 


.68364 


.65298 


.52812 


.60729 


.48941 


.46992 


.42594 




1.04 


.17786 


.61289 


.67068 


.63796 


,5U34 


.48893 


.46963 


.43758 


.40036 
.37399 




1.06 


.18349 


.60243 


,65768 


.62285 


.49438 


.47030 


.44947 


.41473 




L08 


.18916 


.50203 


,64468 


.60763 


.47731 


.45140 


.42897 


.39136 


.34681 




1. 10 


.19485 


.68170 


.53166 


.40233 


.4ra90 


.43225 


.40813 


.36743 


.31879 




1.12 


.20056 


.57143 


.61863 


.47695 


.44341 


.41285 


.38896 


.34297 


.28989 
.34*82 




1.16 


.20917 


.55616 


.49910 


.46374 


.41590 


.88330 


.35464 


.30526 




1.18 


.21782 


.64108 


.47961 


.48040 


.38808 


.36321 


.32138 


.26628 
.23968 


.19769 




L20 


.22380 


.63114 


.46666 


.41477 


.37100 


.33288 


.29885 


.16482 




L25 


.23810 


.60870 


.43438 


.37664 


.32531 


.28104 


.24U0 


.17026 


.07809 




1.30 


.26202 


.48290 
.45980 


.40241 


.33816 


.27885 


.23793 


.18133 


.09712 


-.01622 




1.36 


.26713 


.37082 


.29676 


.23203 


.17382 


.11960 


.02001 


-. 11916 




L40 


.28161 


.43742 


.33969 


.25740 


.18467 


.11821 


.06596 


-.06128 


-.23203 




1.46 


.29603 


.41581 


.30909 


.21823 


.13^ 


.06181 


-.00958 


-. 147ro 


-.36667 




1.50 


.31034 


.39498 


.27908 


.17932 


.08807 


.00451 


-.07688 


^.23739 


-.49497 




L65 


.32466 


.37495 


.34971 


.14076 


.04105 


-.06357 


-.14605 


-.33276 


-.66017 




1.60 


.33802 


.36573 


.22103 


.10688 


-.oom 


-.11233 


-.21670 


-.43347 


-.82814 




1.66 


.36254 


.33731 


.19308 


.06600 


-.06491 


-.m66 


-.28006 


-.63993 


-L 02840 




1.70 


.38629 


.31989 


.16689 


.02796 


-.10264 


-.23146 


—.36296 


— .66266 


-1.28488 




L76 


.37984 


.30287 


.13948 


-.00847 


-.16009 


-.20150 


-.43834 


-.7n96 


-1.64739 




1.80 


.39320 


.38683 


.11387 


-.04421 


-.19716 


-.36197 


-. 51511 


-.89874 


-1.8M27 




L86 


.40636 


.37153 


.08907 


-.07921 


-.24376 


-.41249 


-.69320 


-L 03387 


-2.33676 




1.90 


.41928 


.26699 


.06509 


-.11343 


—.28982 


—.47303 


—.67251 


-1.17782 


-2.92643 




1.96 


.43108 


.34317 


.04194 


-. 14686 


-.33627 


-.63348 


—.76296 


-1.33167 


-3,76819 




ZOO 




.23006 


.01960 


-.17942 


-.38003 


-.68376 


-.83446 


— 1.4B7U 


-6.10126 
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T 


So 






0.1 


aoo200 


a99S02 


0.99S03 




a9950S 


.2 


.00794 


.98028 


.98043 


.98074 


.3 


.01768 


.95638 


.95714 


.95882 


.4 


.03101 


.92427 


.92656 


.93093 


-6 


.04762 


.88517 


.89040 


.90022 


.55 


.05705 


.86342 


.87082 


.88452 


.6 


.06716 


.84045 


.86053 


.86899 


'55 


.07792 


.81644 


.82977 


.85386 


'.7 


.08925 


.79168 


.80874 


.83938 


.76 


.10112 


.76604 


.78764 


.82572 


.8 


.11348 


.73999 


.76666 


.81304 


.825 


.11983 


.72883 


.76625 


.80710 


.86 


.12626 


.71381 


.74694 


.80145 


.875 


.13279 


.70034 


.73673 


.79610 


.9 


.13941 


.68704 


.72564 


.79104 


.926 


.14612 


.67374 


.71668 


.78630 


.95 


.16290 


.66044 


.70586 


.78188 


96 


.15563 


.65513 


.70198 


.78018 


.98 


.16U3 


.64452 


.69430 


.77696 


LOO 


.16667 


.63394 


.68673 


.77394 


1.02 


.17224 


.62339 


-67927 


.77113 


LO* 


.17785 


.61289 


.67193 


.76861 


LOO 


.18349 


.60243 


.66472 


.76610 


1.08 


.18916 


.69203 


.66763 


.76388 


1.10 


.19186 


.68170 


.65068 


.78186 


1.12 


.20056 


.57143 


.64386 


.76003 


1.16 


.20917 


.66616 


.63383 


.75765 


L 18 


.21782 


.64108 


.62421 


.75668 


1.20 


.22380 


.53114 


.61794 


.76469 


1.25 


.23810 


.60670 


.60290 


.76263 


1.30 


.25282 


.48290 


.68876 


.76170 


1.36 


.26713 


.46980 


.67549 


.76173 


L40 


.28161 


.43742 


.56312 


.76264 


1.45 


.29603 


.41681 


.66161 


.75433 


1.50 


.31031 


.39498 


.64095 


.76676 


1.56 


.32466 


.37495 


.53111 


.76082 


1.60 


.33S83 


.36573 


.62204 


.76346 


1.65 


.35254 


.33731 


.61373 


.76769 


L70 


.36629 


.31969 


.60612 


.77214 


1.75 


.37084 


.30287 


.49319 


.77706 


LSO 


.39320 


.2S6S2 


.49289 


.78228 


1.85 


.40635 


.27163 


.48719 


.78772 


1.90 


.4192S 


.25699 


.48205 


.79340 


1.96 


.43198 


.24317 


.47743 


.79920 


2L00 




.23005 


.47320 


.8OJ10 



S-ij 


S-, 


S-ij 




S-, 


0.98511 


0.9S470 


a994S7 


0.99494 


0.99497 


.98166 


.97674 


.97823 


.97902 


.97944 


*96292 


.94371 


.94794 


.94966 


.96172 


!94338 


.89^ 


.90478 


.90341 


.90n6 


.92760 


.84261 


.86489 


.84049 


.83602 


! 02218 


.81515 


.83074 


.80524 


.78695 


* 91911 


.78929 


.80916 


.77005 


.72839 


*91868 


76602 


.79166 


.73743 


.68200 


192077 


.74630 


.77969 


.70999 


.69148 


.92683 


.73089 


.77411 


. 69027 


. 62200 


.93381 


.72037 


.77616 


.68050 


.46926 


.93890 


.71707 


.78022 


.67994 


.43205 


.94470 


.716)3 


.78643 


.68266 


.40833 


*96122 


.71466 


.79485 


.68856 


.38866 


.95844 


.71639 


.80553 


.69808 


.37303 


.96636 


.71763 


.81862 


.71183 


.38202 


1 97493 


,72127 


.83387 


.72846 


.36670 


978S5 


.72311 


.84067 


.73644 


.36462 


.98809 


.72747 


.86646 


.76441 


.36449 


.09402 


.73272 


.87180 


.77613 


.36761 


1.00235 


.73884 


.88074 


.78S70 


.36389 


L 01106 


.74582 


.90828 


.82528 
.86493 


.37338 


1.02013 


.76366 


.83046 


.38608 
.40203 


1.02064 


.70234 


.86329 


.88787 


1.03030 


.7718* 


.07780 


.92424 


.42126 


]Io493S 


.78218 


1. 00101 


.96426 


.44384 


1.06607 


.70916 


L04669 


1.03169 


.48414 


L 08141 


.81787 


L 09319 


1.10856 


.63246 


1.09264 


.83128 


1.12666 


1.16679 


.66933 


1.12178 


.88797 


1.21833 


1.33276 


.67937 


1.16220 


.90893 


1.32274 


1.54142 


.81860 


1.18372 


.86389 


1.44088 


1.80568 


.99367 


1.21600 


1.00266 


1.57409 


2.14809 


L 21624 


1.24906 
1.2S»2 


1.06464 


1.72424 


2.60778 


1.60541 


1.10988 


1.89364 


3.26805 


1.89649 


1.31606 


1.16794 


2. 08635 


4. 2M43 


1^ 45353 


1.34046 


1.22861 


2.30340 


6.99262 


3.32923 


1.38273 


1.29160 


2.65316 


9.86167 


4.93773 


1.41660 


1.36685 


ZS4192 


26.61701 


9.0U93 


1. 44790 


1.42349 


3.17978 


-38.80980 


43.87863 


1.47949 


1.49187 


3.6S098 


-11.12607 


-16.39162 


1.61022 


L 66166 


4.06858 


-6.40028 


-6.42380 


1.63998 


1; 63228 


4.66846 


-4.41184 


-3.94403 


L60886 


1.70378 


6.43767 


-3.29536 


-2.74361 


1.59617 


1-77686 


61 46116 


-2.66666 


-2.00955 



a99499 
.97980 
.96394 
.91662 
.86603 
.83516 
.80000 
.76993 
.71414 
.66144 

.60000 
.66513 
.62678 
.48412 
.43589 
.37997 
.31226 
.28000 
.19000 



TABLE 3.— THE FUNCTIONS Rt FOB SEVEBAL VALUES OF THE INDEX h 



ai 
.2 
.3 
.4 
.5 

.66 

.6 

.65 

.7 

.75 



.826 
.86 
.876 
.9 
.926 
.95 
.96 
.98 
LOO 

1.02 
1.04 
1.06 
1.08 
LIO 
1.12 
1.16 
1.18 
L20 
1.25 

1.30 
1.36 
L40 
1.46 
LCO 
1.66 
1.60 
1.65 
1.70 
1.76 

1.80 
1.85 
1.90 
1.96 
ZOO 



aOO2O0 
.00794 
.01783 
.03101 
.04762 
.05705 
.06716 
.07792 



.10112 

.11348 
.11982 
.12628 
.13279 
.13941 
.14612 
.16280 
.16683 
.16U3 
.16687 

.17224 
.17786 
.18349 
.18915 
.19486 
.20056 
.20917 
.21782 
.22360 
.23810 

.26262 
.26713 
.28181 
.29602 
.31034 
.32465 
.33862 
.35254 



.37984 

.39320 
.40635 
.41928 
.43198 
.44444 



0.99496 
.97932 
.95150 



.84729 
.80783 
.76149 
.70734 
.64428 
.67112 

.48649 
.43941 
.38887 
.33466 
.27656 
.21429 
.14763 
.U987 
.06144 



-.06481 
-. 13314 
-.20517 
-.28107 
-.38101 
-.44620 
-.57986 
-.72521 
-.82840 
-1.11012 

-1.42888 
-1.78883 
-2. 19467 
-2. 65144 
-3. 16468 
-3.74046 
—4.38536 
-6l 10667 
-5. 91193 
-6.80994 



-7.; 

-a 92167 
-la 16601 
-11.62488 
-13.04076 



a8M96 
.97941 

.95197 
.91022 
.85047 
.81227 
.78742 
.71493 
.65361 



.46181 
.40127 
.34668 
.287n 



.16609 
.12599 
.06498 



-.06922 
-.14290 
-.22163 
-.30560 
-.39499 
-.49053 
-.64616 
-.81816 
-.84280 
-L2M04 

—1.71466 
-2.21804 
—2.82608 
—3.66693 
—4.47901 
-5.61652 
—7.05782 
-8.92117 
-IL 39331 
-14.78760 

-19.67236 
-27.19842 
-40.09831 
-68.82960 
-1S3. 05279 



a8H97 
.97847 

.95228 
.91117 



.81640 
.77168 
.72016 
.66060 
.69027 

.60788 
.46143 
.41101 
.36624 
.29670 
.23189 
.16127 
.13128 
.06797 



-.07306 
-.16168 
-.23610 
-.32380 
-.42664 



-.71076 
-.01172 
-L 06083 
-L 48784 

-2.05258 
-Z 77171 
-3.72963 
-5.06195 
-6.97078 



But 



-14.73354 
-26.49894 
-67.62261 
243.44556 

5a 67121 
3a 58443 
23.00933 
19.08463 
16.72046 



0.99497 
.97952 
.85251 
.91187 
.86433 
.81775 
.77487 

.nm 

.66584 
.69674 

.61533 
.46921 
.41896 
.36113 
.30431 
.23869 
.16658 
.13680 
.07057 



-.16058 
-.25002 
-.34889 



-.67603 
-.77613 
-L00S6S 
-LI868S 
-1.72810 

-Z 47363 
-3.S4472 
-6.18836 
-8.04848 
-14.03370 
-34.16602 
223.67482 
3L 37072 
18.41330 
13.74179 

IL 36148 
9.93797 
9.00515 
8.36894 
7.89411 



Bt 



a 99497 
.97966 
.96268 
.91241 
.86661 
.81968 
.77740 
.72802 
.67012 
.60201 

.62147 
.47668 
.42664 
.37083 
.31065 
.21440 
.17123 
.13981 
.07290 



—.07964 



-.36883 
—.48683 
-.61620 
—.84139 
—1.11096 
-1.32187 
-Z 00148 

-3.02728 
—4.73743 
-8.12116 
-17.83792 
-277.06m 
28.18116 
13.88787 
la 03461 
8.16600 
7.07332 

6.36416 
5.87292 
6.61767 
5.25323 
6.06263 



a 99497 
.97968 
.95281 
.91283 
.86663 
.82104 
.77944 
.73076 
.67366 



.48U9 
.43137 
.37662 
.31627 
.24962 
.17638 
.14341 
.07601 



-.08265 
-.17376 
-.27499 
-.38790 
-.61464 
-.65745 
-.90962 
-L 22100 
-1.47231 
-Z 33308 

-3.80519 
-6.87721 
-17. 15880 
116.26679 
16.26833 
9.60966 
7.19906 
6.95902 
6.20n2 
4.70623 

4.34866 
4.0S381 
3.83101 
3.72201 
3.59520 



a 99498 
.97962 
.96301 
.91346 
.86815 
.82327 
.78266 
.73497 
.67917 
.61333 

.63496 
.49014 
.44076 
.38622 
.32671 
.25823 
.18266 
.14966 
.07872 



-.08784 
-. 18648 
-.29803 
-.4262D 
-.6n64 
-.74176 
-L 05649 
-1.47366 
-1.83668 
-3.30395 

-7.10144 
—U.lOOiO 
15.66493 
7.60025 
5.28668 
4.21470 
3.69SS4 
3.19031 
Z89627 
Z 67177 

Z 49237 
Z34360 
Z 21633 
Z 10449 
Z00386 



Mi 



0.99498 
.97966 
.95320 
.91408 
.86068 
.82662 
.78575 
.73935 
.63499 



.64419 

.60012 
.46140 
.39723 
.33677 
.28564 
.19132 
.16737 
.03340 



-.09486 
-.20382 
-.33049 
-.47980 
-.66874 
-.87768 
-1. 31727 
-1.98606 



-7. 

4Z 64916 
6.90320 
4.13736 
3.09196 
Z 62640 
Z15n3 
1.88831 
1.67494 
1.49421 
1.33289 

1.18261 
1.03714 
.89218 
.74372 
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TABLE 3.— THE FUNCTIONS Ri FOR SE\^RAL VALUES OF THE INDEX fc— Concluded 



M 


T 






R-i 










i?-t 


J? CO 


0.1 


aoo2t)o 


a994g6 


a 09495 


a99493 


a90487 


a 99528 


a 99610 


a99603 


a 99601 


a 99499 


.3 


.00794 


.97932 


.97916 


.97886 


.07796 


.98287 


.98137 


.98067 


.98016 


.97880 


.3 


.01708 


.96160 


.95075 


.94928 


.04601 


.96428 


.95998 


.96821 


.95616 


.96394 


.4 


.03101 


.90882 


.90668 


.90233 


.88043 


.93849 


.92842 


.92981 


.92697 


.91662 


.6 


.04762 


.84729 


.84232 


.83313 


.80682 


.89020 


.87731 


.89231 


.89711 


.88603 


.66 


.06706 


.80783 


.80097 


.78866 


.76636 


.85667 


.83961 


.86620 


.88833 


.83616 


.6 


.06n6 


.76149 


.76247 


.73649 


.69632 


.81088 


.79094 


.83m 


.87866 


.80000 


.66 


.07792 


.70734 


.60598 


.87634 


.628^ 


.76389 


.72948 


.78313 


.87235 


.76993 


.7 


.08926 


.64428 


.63061 


.60769 


.56388 


.68337 


.65419 


.71832 


.86225 


.71414 


.76 


.10U2 


.67112 


.66546 


.62984 


.47255 


.59859 


.66618 


.63381 


.83812 


.66144 


.8 


.11348 


.48849 


.46957 


.44278 


.38662 


.49976 


.46383 


.52903 


.78387 


.60000 


.826 


.11982 


.43911 


.42231 


.39670 


.34016 


.44539 


.40934 


.46971 


.73921 


.66613 


.86 


.12628 


.38887 


.37201 


.34626 


.29374 


.38804 


.86286 


.40666 


.67059 


.62878 


.876 


.13279 


.33466 


.31866 


.29441 


.24839 


.32800 


.29487 


.34039 


.60321 


.48112 


.9 


.13941 


.27686 


.28184 


.24019 


.19824 


.26669 


.23687 


.27218 


.60935 


.13689 


.926 


.14612 


.21429 


.20173 


.18361 


.14940 


.20118 


.17639 


.20297 


.39881 


.37997 


.96 


.16390 


.14783 


.13813 


.12470 


.10001 


.13618 


.11693 


.13381 


.27411 


.31226 


.96 


.18663 


.11967 


.11168 


.10049 


.08012 


.10842 


.09326 


.10648 


.22114 


.28000 


.98 


.16113 


.06144 


.06704 


.06097 


.M016 


.05444 


.04629 


.05249 


.11171 


.19900 


LOO 


.16667 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1.02 


.17224 


-.06481 


-.05948 


-.06239 


-.01031 


-.05468 


-.04641 


-.06058 


-.11102 




1.01 


.17786 


-. 13314 


-.12144 


-. 10618 


-.08071 


-. 10941 


-.08974 


-.09888 


-.21855 




1.06 


.18349 


-. 20617 


-.18694 


-.18134 


-.12116 


-.16400 


-.13284 


-.14457 


-.32014 


....... 


1.08 


.18916 


-.28107 


-.26303 


-.21783 


-.16163 


-.21827 


-.17465 


-.18742 


-.41390 




1.10 


.19486 


-.36101 


-.32274 


-.27664 


-.20206 


-.27207 


-.21477 


-.22721 


-.48850 




L12 


.20066 


-.44620 


-.89612 


-.33472 


-.24243 


-.32525 


-.26338 


-.28383 


-.67318 




1.16 


.20917 


-.67986 


-.60877 


-.42566 


-.30280 


-.40365 


-.30814 


-.31262 


-.66613 




1.18 


.21782 


-.72621 


-.62883 


—.61927 


-.36286 


—.47978 


-.35896 


-.85397 


—.73698 




1.20 


.22360 


-.82840 


-.71204 


-.58310 


-.40209 


-.62930 


-.39067 


-.37743 


-.77284 




1.25 


.23810 


-L 11012 


-.93300 


-.74738 


-.60144 


-.64807 


-.46170 


-.42206 


-.82797 




1.30 


.25262 


-1.42888 


-1.17198 


-.91792 


-.69886 


-.75913 


-.62165 


-.44764 


-.84300 




1.36 


.26713 


-1.78883 


-1.42922 


-1.09416 


-.69484 


-.88226 


-.67084 


-.45561 


-.82774 




1.40 


.28161 


-2. 19487 


-1.70479 


-L27S52 


-.78942 


-.95766 


-.60968 


-.44891 


—.78932 




1.46 


.29602 


-2.66144 


-1.99888 


-1. 46168 


-.88266 


-L 01538 


-.63911 


-.42278 


—.73238 


.... 


L60 


.31034 


-3. 18468 


-2.31074 


-1. 66179 


-. 97472 


-1.12627 


-.66011 


-.38386 


-.65916 




L65 


.32466 


-3.74046 


-2.64071 


-1.84583 


-1.06677 


-1.20083 


-.67256 


-.32966 


-.57183 




1.60 


.33863 


- — 4.38635 


—2.98826 


— Z 04334 


— 1. 16672 


— L 26972 


— . 67726 


— . xDUoiC 






1.66 


.36264 


-6.10657 


-3.36296 


-2 24405 


-1.24673 


-1.33361 


-.67466 


-. 17467 


-.34884 




1.70 


.38639 


-5.91193 


-3.73428 


-2.44773 


-1.33612 


-1.39314 


-.66604 


-.07101 


—.20972 




1.76 


.37984 


-6.80994 


-4.13169 


-Z 65423 


-1.42447 


-1.44880 


-.64883 


.05314 


-.01700 




1.80 


.39320 


-7.80982 


-4.64469 


-286343 


-1.61404 


-L 60147 


-.62653 


.20IS3 


.14553 




1.86 


.40636 


-8.921S7 


-4. 97236 


-3.07533 


-1.60407 


-1.66136 


'-.68671 


.37860 


.37713 




1.00 


.41928 


-la 16601 


-S. 41436 


-S. 28966 


-L 69483 


-1.69901 


-.55907 


.69169 


.66176 




1.96 


.43188 


-11.62488 


-6.86997 


-3.60864 


-1.78666 


-L 64488 


-.51639 


.85014 


1.02146 




2.00 


11141 


-13.0407S 


-6.33866 


-3.72624 


-1.87860 


-1.68833 


-.46431 


1.16830 


1.49287 





TABLE 4.— TEE FUNCTIONS ft FOR SEVERAL VALUES OF THE INDEX fc 



M 


r 


/o 








/« 






/. 


/» 


ai 


aoo200 


-0.00250 


-a 00250 


-a 00250 


-aoo2JO 


-a 00260 


-a 00260 


-a 00250 


-a 00260 


-0.00250 


.2 


.00791 


-.00989 


-.00991 


-.00993 


-.00991 


-.00995 


-.00996 


-.00997 


-.00998 


—.01001 


.3 


.01768 


-.02198 


-.02207 


-.02216 


—.02221 


-.02225 


-.02228 


-.02233 


-.02238 


-.02256 


.4 


.03101 


-.03831 


-.03867 


-.03891 


-.03908 


-.03922 


-.03932 


-.03917 


-.03962 


-.01020 


.6 


.04762 


-.06847 


-.05930 


-.05987 


-.06020 


-.06061 


-.06086 


-.06123 


-.06160 


-.08306 


.55 


.06706 


-.06979 


-.07099 


-.07181 


-. 072U 


-.07287 


-.07324 


-.07379 


-.07433 


-.07650 


.6 


.ome 


-.08188 


-.08360 


-.08464 


-.08518 


-.08813 


-.08665 


-.08712 


-.08818 


-.09133 


.66 


.07792 


-.09467 


-.09578 


-.09832 


-.09916 


-.10034 


-. 10104 


-. 10210 


-. 10316 


-.10768 


.7 


.08925 


-.10787 


-. 11076 


-.11277 


-. 11428 


-.U646 


-.11638 


-. 11780 


-. 11923 


-.12511 


.76 


.10U3 


-.12187 


-.12634 


-.12791 


-.12989 


-. 13141 


-.13263 


-.13440 


-.13639 


-.11181 


.8 


.11318 


-.13588 


-.14019 


-.11377 


-.14624 


-.14818 


-.14976 


-. 15210 


-.16462 


-.16605 


.825 


.U982 


-.14313 


-.11825 


-.16191 


—.16487 


-.16685 


-.15862 


-.16133 


-.16412 


-.17740 


.86 


.12626 


-.16046 


-. 16613 


-. 16019 


-.16327 


-.16671 


-.16769 


-.17073 


-. 17389 


-.18927 


.875 
.9 


.13279 


-. 16786 


-. 16110 


-.16860 


-.17202 


-. 17474 


-. 17696 


-.18036 


-.18392 


-.20173 


.13911 


-. 16630 


-.17218 


-.17711 


-.18083 


—.18394 


-.18640 


-.19021 


-. 19421 


-.21487 


.925 


.11612 


-.17281 


-. 18034 


-.18679 


-.18987 


-. 19330 


-.19604 


-.20028 


-.20476 


-.22876 


.96 
.98 


.16290 


-. 18036 


-. 18868 


-.19165 


-.18816 


-.20283 


-.20586 


-.21056 


—.21666 


-.24363 


.16663 


-.18339 


-.19189 


—.19809 


—.20288 


-.20668 


-.20982 


-.21473 


-.21996 


-,24976 


.98 


. 18113 


-.18918 


-. 19866 


-.20520 


—.21038 


-.21446 


—.21786 


-.22318 


-.22887 


-.26292 


1.00 


.16667 


-.19566 


-.20628 


-.21238 


-.21788 


—.22232 


-.22598 


-.23176 


-.23791 


-.27767 


1.02 


.17221 


-.20166 


-.21201 


-.21981 


-.22661 


-.23027 


-.23422 


-.24046 


-.21717 




1.04 


.17786 


-.20778 


-.21878 


-.22689 


-.23320 


-.23831 


-.24266 


-.24928 


-.25667 




1.08 


.18319 


-.21391 


-.22668 


-.23422 


-.24096 


-.24643 


-.26099 


-.26823 


-.28614 




1.08 


.18916 


-.22003 


-.23241 


-.24168 


-.24878 


-.25453 


—.25962 


-.26731 


-.27588 




LIO 


.19185 


-.22616 


-.23925 


-.21900 


-.26686 


-.26290 


-.26814 


-.27651 


-.28676 




1.12 


.20066 


-.23228 


-.24612 


-.25616 


-.264ra 


-.27126 


-.27685 


-.28583 


-.29581 




1.16 


.20917 


-.21144 


-.26644 


-.26769 


-.27669 


-.28390 


-.29007 


-.30003 


-.3U20 




L18 


.21782 


-.26069 


-.26678 


-.27898 


-.28889 


-.29669 


-.30348 


-.31460 


-.32607 




1.20 


.22360 


-.25686 


-.27388 


-.28866 


—.29681 


-.30530 


-.31261 


—.32428 


-.33769 




1.25 


.23810 


—.27177 


-.29093 


-.30563 


-.31727 


-.32706 


-.33642 


—.34922 


-.38621 




1.30 


.25282 


-.28673 


-.30814 


-.32469 


-.33792 


-.84910 


-.35876 


-.37485 


-.39389 




1.36 


.28713 


-.30148 


-.32527 


-.34368 


-.35871 


-.37142 


-.38247 


-.40U2 


-.42388 




1.40 


.28181 


-.31604 


-.34229 


-.36276 


-.37969 


-.39396 


-.40663 


-.42801 


-.46467 




1.45 


.29602 


-.33034 


-.36916 


-.38177 


-.40053 


-.41666 


-.43090 


-.45568 


-.48693 




1.60 


.31034 


-.34138 


-.37682 


-.40070 


-.42148 


-.43949 


-.45664 


-.48372 


-.52057 




1.66 


.32466 
.33882 


-.36816 


-.39228 


-.41960 


-.44240 


-.46241 


-.48010 


—.61247 


-.65572 




1.60 


-.87163 


-.40861 


-.43813 


-.46326 


-.48639 


-.60516 


-.64180 


-.59265 




1.65 


.36264 
.36829 


-.38178 


-.42448 


-.46868 


-.48401 


-.60838 


-.63068 


—.67172 


-.63129 




1.70 


-.39763 


-.44017 


-.47481 


-.60464 


-.63135 


-.66603 


-.60223 


-.67226 




1.75 


.37984 


-.41014 


-.45666 


-.49281 


-.52611 


-.65427 


-.68118 


-.63332 


-.71689 




1.80 


.39320 


-.42233 


-.47066 


-.51066 


-.64639 


—.57711 


-.80700 


-.66602 


—.76278 




1.85 


.40835 


-.43418 


-.48643 


-.62800 


-.66646 


-.59084 


-.83256 


-.89734 


-.81382 




1.90 


.41928 


-.44673 


-.49989 


-.64617 


-.68629 


—.62243 


-.65811 


-.73029 


—.87038 




1.96 


.43198 


-.46690 


-.61401 


-.66203 


-.60487 


-.64486 


-.68366 


—.78391 


-.93478 




2.00 


44444 


-.48776 


—.62778 


-.67867 


-.6M18 


-.66709 


-.70916 


—.79823 


— 1.0U18 
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TABLE 4. — ^THE FUNCTIONS /» TOR SEVERAL VALUES OF THE INDEX fc— Concluded 



M 


T 


/• 




/-I 


/-iJ 


/-« 


/-iJ 


/-« 


0.1 


aoo2oo 


—a 00250 


-a 00260 


-a 00249 


-a 00247 


-0. 00268 


-0.00263 


-0.00251 


.3 


.00794 


-.00989 


-.00966 


-.00977 


-.00954 


-.01091 


-.01043 


-.01010 


.3 


.01768 


—.02196 


-.02176 


-.03139 


—.02028 


-.02688 


-.02433 


-.02356 


.i 


.03101 


—.03831 


-.03772 


—.03860 


—.03334 


-.04766 


-.04446 


-.043*5 


.6 


.04762 


-.06847 


-.05712 


-.05456 


-.04722 


-.07530 


-.06998 


-.07040 


.55 


.06705 


-.06979 


—.06789 


-.06426 


-.06402 


-.09076 


-.08418 


-.08636 


.8 


.06n6 


-.08188 


-.07925 


-.07431 


—.08052 


-.10689 


-.09888 


-.10368 


.65 


.07792 


-.09467 


-.09109 


-.08469 


-.06666 


-.12340 


-.11372 


-. 12197 


.7 


.08926 


-.10787 


-. 10336 


-.09501 


-.07203 


-.13998 


-.12831 


-.14076 


.76 


. 10112 


— . 12167 


— - 11695 


— . 10646 


— .07884 


— . 16632 


—.14227 


— 1A052 


.8 


.11348 


-.13688 


-. 12878 


-.11687 


-.08089 


-.17215 


-. 16527 


-.17770 


.825 


.U982 


-.14313 


-.13528 


-.12103 


-.08263 


-. 17979 


-. 16131 


-.18839 


.86 


.12628 


-.16045 


— . 14179 


-. 12616 


-.08415 


—.18723 


-. 16608 


-. 19476 


.875 


.13279 


-. 15786 


-.14832 


-.13123 


-.08647 


-. 19443 


-.17227 


-.20289 


.9 


.13941 


-.16630 


-. 15488 


-. 13628 


-.08867 


-.20137 


-. 17714 


-.31016 


.925 


.14612 


—.17281 


-. 18144 


-.14122 


—.08746 


-.20803 


-. 18166 


-.21711 


.96 


.16290 


-.18036 


-.16800 


-.14612 


-.08812 


-. 21440 


-. 18561 


-.22347 


.96 


.16663 


-.18339 


-. 17061 


-. 14806 


-.08833 


-. 21688 


-.18885 


-.22684 


.98 


. 16113 


-. 18ft46 


-.17686 


-.16190 


-.08884 


-.22162 


-.18969 


-.23026 


LOO 


. 16687 


— . 19556 


— . 18109 


— . 16670 


— .08881 


— . 22619 


, 10139 


23424 


LOS 


.17224 


-.20166 


-. 18831 


-. 16944 


-.08884 


-.23063 


-. 19386 


-.23776 


1.04 


.17786 


-.20778 


-. 19149 


-. 16312 


-.08873 


-.28466 


-.19547 


-.24077 


LOO 


.18349 


—.21391 


-.19667 


-. 16876 


-.08849 


-.23867 


-.19673 


-.24327 


L08 


.18916 


-.22003 


-.20183 


-. 17033 


-.08811 


-.24226 


-.19761 


-.24523 


LIO 


.19486 


-.22616 


-.20696 


-. 17385 


-.08760 


-.24671 


-.19813 


-.24663 


L12 


.20056 


-.23228 


-.21205 


-.17730 


-.08^ 


-.24893 


-.19826 


-.24744 


L16 


.20917 


-.24144 


-.21965 


-. 18237 


-.08576 


-.26333 


-.19774 


-.24760 


LIS 


.21782 


-.25059 


-.22716 


-. 18730 


-.08427 


-.25722 


-.19633 


-.24610 


L20 


.22360 


-.25805 


-. 232U 


-.19061 


-.08314 


-.26952 


-. 19490 


-.24431 


L26 


.23810 


— . 27177 


— . 24435 


— . 19825 


— .07978 


— . 26425 


1S963 


23651 


L30 


.26263 


-.28873 


-.26631 


-.20669 


-.07673 


-.2S767 


-. 18157 


-.22383 


L35 


.26713 


-.30148 


-.28800 


-.21253 


-.0n06 


-.26850 


-.07095 


-. 20619 


L« 


.28161 


-.31801 


-.27936 


-.21907 


-.06678 


-.27009 


-. 1S781 


-.17960 


1.46 


.29602 


-.33034 


-.29010 


—.22622 


-.05998 


-.26939 


-.14146 


-.14663 


L60 


.31034 


-.34438 


-.30U3 


-. 23100 


-.06370 


-.26748 


-.12241 


-. 10051 


, J_66 


. .ams 


-.36816 


-.31151 


-.23841 


-.04701 


—.28436 


—.10033 


—.03980 


L60 


.33882 


-.37163 


, -.32155 


, -.24147 


-.03995 


-. 26016 


-.07606 


.04660 


1.65 


.36254 


-.38478 


-.33127 


-.24619 


-.03268 


-.25494 


-.04637 


.17865 


L70 


.36629 


-.397f>3 


-.34063 


-.26060 


-.02495 


-.21876 


-.01400 


.46606 


1.75 


.37984 


-.41014 


-.34967 


-. 25469 


-.01711 


-.24166 


.02244 




LSO 


.33320 


-.42233 


-.35838 


-.26860 


-.00909 


-.23376 


.06344 




L85 


.40635 


-.43418 


-.38678 


-.26203 


-.00096 


-.22610 


.10971 




L90 


.41928 


-.44573 


-.37486 


-.26531 


.00727 


-.21678 


.16223 




1.95 


.43198 


-.45680 


-.38261 


-.26836 


.01564 


-.20680 


.22240 




2.00 


.44444 


-.46776 


-.39006 


-.27117 


.02382 


-.10628 


.29237 





-0.00251 
-.01010 
-.02305 
-.04207 
-.06872 
-.08564 
-. 10633 
-. 12787 
-. 16318 
-.18084 

-.21022 
—.22629 
-.24048 
-.26566 
—.27074 
- 28660 
-.30018 
-.30687 
-. 31707 
-.32796 

-. 33847 
-.34850 
-.36828 
-.38750 
-.37623 
-.38443 
-.39572 
-.40669 
-.41168 
-.42346 

-.43099 
—.43373 
-.43111 
-.42231 
-.40605 
.^..^8023 
-.34095 
-.27990 
-.17335 
.13348 



TABLE 5.— THE FUNCTIONS gt FOR SEVERAL VALUES OF THE INDEX k 



M 


r 






91 




n 


m 


(7JJ 


ai 


aoa20o 


-a 00261 


-a 00251 


-0. 00261 


-a 00260 


-a 00260 


-a 00260 


-a 00260 


.2 


.00794 


-.01013 


-. 01010 


-.01009 


-.01008 




01007 




01006 


-. 01006 


.3 


.01768 


-.02316 


-.02304 


-.02298 


-.02291 




02287 




02283 


-.02278 


.4 


.03101 


-.04208 


-.04174 


-.04149 


-.04132 




04119 




04108 


-. 04093 


.6 


.04762 


-.08780 


—.06678 


-.06622 


-.06581 




06649 




06624 


-.06487 


.55 


.06705 


-.08309 


-.08194 


-.08113 


-.08054 




08006 




07973 


-.07919 


.6 


.06718 


-. 10059 


-.09901 


-.09791 


-.09709 




09646 




09696 


-.09621 


.66 


.07792 


-.12023 


-.11814 


-.31668 


-.1)660 




11476 




11407 


-.11305 


.7 


.08926 


-. I421B 


-.1S851 


-. 13763 


—.13621 




13511 




13421 


-.13287 


.76 


.10112 


-.16857 


-.16327 


-. 18093 


-. 15916 




16774 




16660 


-.16488 


.8 


.11348 


-.19363 


-.18957 


-. 18681 


-.18464 




18260 




18148 


-.17931 


.825 


.11982 


-.20822 


-.20392 


-.20081 


-.19841 




19652 




19496 


-. 19255 


.86 


.12828 


-.22354 


-.21893 


-.21666 


—.21296 




21088 




20918 


-.20652 


.876 


.13279 


-.23964 


-.23471 


-.23U0 


-.22829 




22805 




22421 


-. 23130 


.9 


.13941 


-.25652 


-. 26131 


-.24747 


-.24449 




24208 




24009 


-.23896 


.926 


.14612 


-.27423 


-.28878 


-.28474 


-.26158 




26903 




25692 


-.25357 


.95 


.16290 


-.29280 


-. 28715 


-.28296 


-.27966 




27688 




27478 


-.3n23 


.96 


.16663 


-.30047 


-.29475 


-.29051 


-.28717 




28446 




28220 


-.27881 


.98 


.16113 


-.31624 


-.31046 


-.SD612 


-.30272 




29996 




29766 


-.29398 


LOO 


.16667 


-.33261 


-.32677 


-.32243 


-.31801 




31622 




313X9 


-. 31019 


L03 


.17224 


-.34968 


-.34380 


-.33847 


-.33808 




33331 




33101 


-.32735 


L04 


.17786 


-.36718 


-.36160 


-.36728 


-.35397 




35126 




34607 


-.34654 


LOO 


.18349 


-.38542 


-.37996 


-.37690 


-.37277 




37024 




36816 


-. 36191 


L08 


.1S915 


-.40432 


-.39916 


-.39589 


-.39251 




39023 




38S38 


-.38569 


LIO 


.19485 


-.42390 


-.41916 


-.41679 


-.41329 




41137 




40988 


-. 40777 


L12 


.20056 


-.44417 


-.44001 


-.43718 


-.43618 




43377 




43278 


-.43168 


L16 


.20917 


-.47594 


-.47233 


-.47122 


-.47033 




47003 




47016 


-.4n43 


L18 


.21782 


-.60938 


-.60798 


-.50785 


-.60868 




60996 




61187 


-. 61708 


L20 


.22360 


-.63283 


-.53260 


-.63386 


-.63602 




63896 




64265 


-. 66176 


L26 


.23810 


-.69432 


-.69892 


-.60609 


-.61269 




62176 




83251 


-.66083 


LSO 


.25262 


-.66139 


-. 87281 


-.68682 


-.70377 




72460 




76054 


-.83309 


L36 


.26713 


-.73409 


-.75539 


-.78168 


-.81464 




85838 




92113 


-1.29668 


L40 


.28161 


-.81292 


-.84801 


-.89301 


-.95446 


-L 04817 


-1 


22912 




L45 


.29602 


-.89817 


-.95235 


-L 02644 


-L 14078 


—1 










L60 
L66 
LOO 
L85 
L70 
1.76 

LSO 
L85 
LOO 
L96 
2.00 


.31034 
.32456 
.33882 
.36254 
.38829 
.37984 

.39320 
.40636 
.41928 
.43198 
.44444 


-.99030 
-L 08984 
-L 19706 
-1.31268 
-L 43687 
-L 57037 

-L 71378 
-L 88763 
-2.03240 
-2.20875 
-Z 39742 


-L 07063 
-1.20528 
-1.36024 
-1.64028 
-L 76228 
-2.00638 

T-Z 31832 
-Zn480 
-3.24642 
—4.02928 
-6,46320 


-L 19037 
-L 39928 
-L 64999 
-Z 10318 
-Z 91178 


-L 41442 
-L 91708 


-Z 67568 





































































































-a 00260 
-. 01006 
-.02374 
-.04078 
-.0C461 
-.07886 
-.09446 
-. 11201 
-. 13149 
-.16307 

-. 17703 
-. 16001 
-.20372 
-.21823 
-.23363 
-.24997 
-. 28741 
-.27472 
-.28997 
-. 30614 

-.32336 
-.34174 
-. 36148 



.40243 
. 43163 
.47630 
.62846 
. 57172 
.73926 
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TABLE 5.— THE FUNCTIONS gt FOR SEVERAL VALUES OF THE INDEX yt— Concluded 



M 


r 


m 




S-> 














ai 

.2 

.3 

.4 

.5 

.S5 

.6 

.es 

.7 

.7« 

.8 
.825 
.86 
.876 
.0 
.325 
.95 
.90 
.98 
LOO 

L02 
L04 
LOO 
LOS 
LIO 
L12 
LU 
LIS 
L20 
L2i 

L30 
L35 
L40 
L4I 
L60 
LtS 
L60 

Le6 

L70 
L76 

L80 
L85 
LOO 
L96 
3.00 


aoo20o 

.00794 
.01768 
.03101 
.04762 
.06706 
.06716 
.07792 
.08026 
.10112 

.11348 
.11982 
.12626 
.13279 
.13941 
.14612 
.15290 
.15663 
.10113 
.16667 

.17224 
.17786 
.18349 
.18916 
.19485 
.20066 
.20917 
.21782 
.22380 
.23810 

.26262 
.2S713 
.28161 
.29603 
.31034 
.32455 
.33882 
.36264 
.38620 
.37984 

.30320 
.40635 
.41928 
.43198 
44444 


-0.00261 
-. 01013 
-.02316 
-.04208 
-.06760 
-.08309 
-.10069 
-.12023 
-. 14216 
-.16667 

-.19363 
-.20822 
-.22364 
-.23964 
-.2f662 
-.27423 
-.29280 
-.30047 
-.31624 
-.33261 

-.34958 
-.38718 
-.38542 
-.40432 
-.42390 
-.44417 
-.47694 
-.60938 
-.63263 
-.69432 

-.66139 
-.73409 
-.81292 
-.89817 
-.09030 
-1.08984 
—L 19706 
-1.31258 
-L 43687 
—1.57037 

-1.71378 
—1.86763 
-Z 03340 
-X 20875 
-2.39742 


-0. 00262 
-.01018 
-.02335 
-.04266 
-.06891 
-.08494 
-. 10309 
-.12347 
-.14626 
-.17168 

-.19968 
-.21463 
-. 23041 
-.24691 
-. 26419 
-.28223 
-.30103 
-.30877 
-.32466 
-.34107 

-.3fS00 
-.37646 
-.39345 
-.41201 
-.43109 
-.46073 
-.48124 
-.61299 
-.63485 
-.69200 

—.66267 
-.n688 
-.78463 
-.86564 
-.93010 
-L 00784 
—L 08871 
-1.17264 
-L 26946 
-1.34906 

-L 44127 
-L 63694 
-1.63288 
-1.73103 
-L 83291 


-a 00262 
-.01026 
-.02373 
-.04377 

-.on4i 

-.08840 
-.10770 
-.12941 
-.16384 
-.18049 

-.21001 
-.22679 
-.24226 
-.26939 
-.27721 
-.29571 
-.31489 
-.32276 
—.33879 
-.35624 

-.37212 
-.38940 
-.40709 
-.42618 
-.44366 
-.46263 
-.49168 
-.62134 
-.64166 
-.69390 

-.64811 
-.70412 
-.76176 
—.82083 
-.88119 
-.W269 
—L 00516 
-L 06844 
-L 13241 
-1.19693 

-L 26187 
-L 32709 
-L 39260 
-L 46820 
-L623S6 


-0.00263 
-.01048 
-.02483 
-.04697 
-.07837 
—.09792 
—.12016 
-.14614 
-.17282 
-.20314 

-.23608 
-.26330 
-.27118 
-.28969 
-.30861 
-.32792 
-.34776 
-.36682 
-.37218 
-.38868 

-.40546 
-.42244 
-.43962 
-.45697 
-.47451 
-.49217 
-.51892 
-.64690 
-.£6403 
-.6C960 

-.65647 
-.70147 
-.74745 
—.79328 
-.83880 
-.88402 
—.92881 
-.97312 
-1.01691 
-L 06016 

-L 10283 
-1.14492 
-L 18839 
—1.22728 
-L 26766 


-a 00242 
-.00911 
—.01922 
-.03286 
—.06060 
-.06198 
-.07548 
-.09153 
—.11063 
-.13283 

-.If 871 
-.17303 
-.18829 
-.20448 
-.22169 
-.23968 
-.26844 
-.26622 
—.28216 
-.29860 

-.31548 
-.33281 
—.38065 
-.36867 
-.38n3 
-.40690 
-.43458 
-.46378 
-.48348 
-.53337 

-.68380 
-.63439 
-.68479 
-.73476 
-.78403 
-.83246 
—.87989 
-.92626 
-.97146 
-1.01645 

-1.06823 
-1.09978 
-1.14010 
-1.17922 
-L 21628 


-a 00247 
-.00969 
-.02078 
-.03692 
-.05606 
-.06876 
—.08371 
—.10139 
—.12221 
-.14646 

-.17436 
-.18986 
-.20585 
-.22290 
-.24078 
-.25942 
—.27877 
-.28670 
-.30284 
-.31934 

-.33616 
-.36328 
-.37061 
-.38816 
-.4a'87 
-.42371 
-.46063 
-.47764 
-.49£66 
-.64016 

-.58462 
-.62784 
-.66083 
-.71038 
-.74937 
-.78868 
—.82224 
-.86600 
-.88795 
-.91807 

-.94637 
-.97288 
-.99760 
-1.02064 
-1.04173 


-a 00249 
-.00983 
-.02166 
-.03693 
-.05660 
-.06643 
-.07869 
-.09289 
-.10968 
-.12978 

-.16375 
-.16734 
-.18206 
-.19784 
-.21472 
-.23262 
-.25148 
-.25927 
-.27624 
-.29169 

-.30866 
-.32677 
-.34328 
-.38102 
-.37882 
-.39693 
-.42402 
-.46103 
-.46883 
-.61282 

-.66643 
—.69607 
—.63436 
—.67019 
—.70338 
—.73377 
—.76129 
-.78686 
—.80737 


-0.00260 
-.00992 
-.02207 
-.03833 
-.06730 
-.06709 
-.07670 
-.08693 
-.09490 
-. 10413 

-. 11481 
-.12126 
-.12883 
-.13783 
-.14869 
-.16137 
-.17639 
-.18306 
-.19751 
-. 21346 

-.23081 
-.24947 
-.26929 
-.29009 
-.31169 
-.33390 
-.36788 
-.40247 
-.42647 
-.48211 

-.63853 
—.68785 
—.63564 
—.67963 
—.71973 
—.76692 
-.78822 
-.81063 
-. 84114 
-. 86170 


-a 00260 
-.01001 
-.02256 
-.04020 
-.06306 
-.07660 
-.09133 
-.10768 
-.12541 
-.14484 

-.16&5 
-.17740 
-.18927 
-.20173 
-.21487 
—.22876 
-.24353 
-.24976 
-.26292 
—.27767 





































TABLE 6.— EXPONENTIALS OF THE FUNCTIONS /* AND gt FOE. SEVERAL POSITIVE AND NEGATIVE VALUES OF THE 

INDEX h 



M 


k 

e 












/■ 






















0.1 


0.99760 


0.99760 


0.99749 


0.99761 


0.99749 


0.99751 


0.99760 


0.99761 


0. 99760 


a 98761 


0.99760 


0.99761 


a 99760 


0.99760 


0.99760 


0.86760 


a 99750 


.2 


t09004 


.00010 


.98982 


.99014 


.98996 


.99012 


.88996 


.99011 


.98997 


.89010 


.98998 


.99009 


.98999 


.99008 


.99000 


.89007 


.99000 


.3 


.97700 


.97828 


.07711 


.97817 


.97722 


.97809 


.97730 


.97804 


.97735 


.97800 


.97739 


.97796 


.97743 


.87792 


.97747 


.97787 


.97762 


.4 


.90060 


.96241 


.98878 


.98207 


.96912 


.96184 


.96936 


.96167 


.96962 


.96164 


.96966 


.96144 


.86875 


.96129 


.95990 


.96116 


.96001 


.6 


.03888 


.94321 


.93463 


.94242 


.93540 


.94188 


.93593 


.94148 


.93631 


.94119 


.93861 


.94096 


.83884 


.84060 


.93719 


.91026 


.93753 


.65 


.92638 


.83258 


.92026 


.93147 


.92133 


.93071 


.92207 


.93016 


.92262 


.92972 


.92303 


.92938 


.82337 


.82887 


.92388 


,.92837 


.92138 


.6 


.91271 


.82140 


.90430 


.91988 


.90573 


.91884 


.80673 


.91807 


.90747 


.91747 


.90804 


.91700 


.80850 


.91630 


.90818 


.91669 


.90987 


.65 


.89792 


.80977 


.88871 


.80776 


.88867 


.90636 


.88987 


.90533 


.89083 


.90463 


.89169 


.90390 


.88220 


.90294 


.88311 


.90198 


.88103 


.7 


.88213 


.89776 


.88748 


.89516 


.86878 


.88336 


.87142 


.89201 


.87266 


.89097 


.87362 


.89013 


.87441 


.88887 


.87668 


.88760 


.87679 


.75 


.86516 


.88644 


.84666 


.88218 


.84836 


.87891 


.85136 


.87820 


.85287 


.87686 


.85407 


.87679 


.86606 


.87416 


.86664 


.87260 


.85807 


.8 


.84700 


.87295 


.82307 


.88893 


.82723 


.88608 


.82960 


.86395 


.83140 


.88228 


.83286 


.88092 


.83403 


.86890 


.83681 


.86674 


.83775 


.826 


.83744 


.86664 


.81202 


.88221 


.81663 


.86907 


.81807 


.86669 


.82003 


.86483 


.82169 


.86332 


.82287 


.85102 


.82486 


.&48« 


.82695 


.86 


.82766 


.86032 


.78968 


.88545 


.80338 


.85188 


.80609 


.84836 


.80819 


.84730 


.80987 


.84662 


.81125 


.84306 


.81341 


.84039 


.81569 


.875 


.81732 


.85398 


.78881 


.84886 


.700a) 


.84486 


.78366 


.84196 


.79689 


.83968 


.79768 


.83782 


.78816 


.83497 


.80148 


.83200 


.80391 


.0 


.80664 


.84764 


.77374 


.84183 


.77778 


.83768 


.78077 


.83460 


.78310 


.83199 


.78499 


.82994 


.76866 


.82678 


.78803 


.82348 


.79167 


.025 


.78563 


.84130 


.76016 


.83488 


.7«31 


.83046 


.76741 


.82698 


.76983 


.82423 


.77180 


.82198 


.77343 


.81860 


.77603 


.81481 


.77882 


.95 


.78388 


.83487 


.74617 


.82814 


.76010 


.82320 


.76366 


.81943 


.76604 


.81642 


.76807 


.81386 


.76876 


.81013 


.76244 


.80609 


.76636 


.96 


.77899 


.83245 


.74047 


.82539 


.74472 


.82028 


.74789 


.81639 


.76038 


.81328 


.76242 


.81073 


.7641? 


.80676 


.76684 


.80265 


.76978 


.98 


.70880 


.82741 


.72888 


.81991 


.73312 


.81448 


.73630 


.81031 


.73881 


.80698 


.74086 


.80426 


.74266 


.79997 


.74628 


.79644 


.74828 


LOO 


.76762 


.82237 


.n7n5 


.81443 


.72125 


.80866 


.72439 


.80422 


.72687 


.80066 


.72890 


.78773 


.73080 


.79315 


.73331 


.78826 


.73628 


M 


k 

e 












/- 




/-^ 








/-'^ 








/- 


0,1 


a 99760 


a 98760 


0.99748 


a 99780 


0.88748 


a 89761 


a 99749 


0.99763 


a 88748 


a 99742 


a 09768 


a 88748 


0.89763 


a 99749 


a 99751 


a 99760 


0.99761 


.2 


.99004 


.89016 


.98882 


.09019 


.989S8 


.99027 


.98881 


.99060 


.98858 


.98914 


.99094 


.88862 


.89046 


.98986 


.99022 


.98996 


.99012 


.3 


.97768 


.97828 


.87711 


.97847 


.97692 


.97884 


.97566 


.97t92 


.97648 


.87446 


.98097 


.87696 


.97943 


.97671 


.97888 


.97722 


.97817 


.4 


.86060 


.86241 


.96878 


.90298 


.96824 


.96406 


.96717 


.96721 


.96412 


.86346 


.96787 


.96662 


.96472 


.95748 


.96375 


.95881 


.96210 


.6 


.93889 


.94321 


.93463 


.94448 


.93341 


.94691 


.93108 


.95388 


.02463 


.92746 


.96066 


.83241 


.94648 


.93202 


.94692 


.83369 


.91432 


.66 


.92636 


.93269 


.92026 


.93436 


.91866 


.93776 


.81638 


.94741 


.90872 


.91325 


.93990 


.81827 


.93366 


.91726 


.93673 


.91793 


.93611 


.6 


.91271 


.92140 


.80430 


.92381 


.90205 


.92838 


.88780 


.94128 


.88678 


.89883 


.92729 


.80586 


.91970 


.80151 


.92433 


.90004 


.92617 
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